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SQUARE-TILED SURFACES OF FIXED COMBINATORIAL
TYPE: EQUIDISTRIBUTION, COUNTING, VOLUMES OF THE
AMBIENT STRATA
VINCENT DELECROIX, E´LISE GOUJARD, PETER ZOGRAF, AND ANTON ZORICH
Abstract. We prove that square-tiled surfaces having fixed combinatorics of
horizontal cylinder decomposition and tiled with smaller and smaller squares
become asymptotically equidistributed in any ambient linear GL(2,R)-invariant
suborbifold defined over Q in the moduli space of Abelian differentials. More-
over, we prove that the combinatorics of the horizontal and of the vertical
decompositions are asymptotically uncorrelated. As a consequence, we prove
the existence of an asymptotic distribution for the combinatorics of a “ran-
dom” interval exchange transformation with integer lengths.
We compute explicitly the absolute contribution of square-tiled surfaces
having a single horizontal cylinder to the Masur–Veech volume of any ambient
stratum of Abelian differentials. The resulting count is particularly simple and
efficient in the large genus asymptotics. We conjecture that the correspond-
ing relative contribution is asymptotically of the order 1/d, where d is the
dimension of the stratum, and prove that this conjecture is equivalent to the
long-standing conjecture on the large genus asymptotics of the Masur–Veech
volumes. We prove, in particular, that the recent results of Chen, Mo¨ller and
Zagier imply that the conjecture holds for the principal stratum of Abelian
differentials as the genus tends to infinity.
Our result on random interval exchanges with integer lengths allows to
make empirical computation of the probability to get a 1-cylinder pillowcase
cover taking a “random” one in a given stratum. We use this technique to de-
rive the approximate values of the Masur–Veech volumes of strata of quadratic
differentials of all small dimensions.
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Introduction
Siegel–Veech constants and Masur–Veech volumes. One of the most pow-
erful tools in the study of billiards in rational polygons (including “wind-tree”
billiards with periodic obstacles in the plane), of interval exchange transformations
and of measured foliations on surfaces is renormalization. In particular, to describe
delicate geometric and dynamical properties of the initial billiard, interval exchange
transformation or measured foliation, one has to find the GL(2,R)-orbit closure of
the associated translation surface in the moduli space of Abelian (or quadratic)
differentials, and to study its geometry. This approach, initiated by H. Masur and
W. Veech four decades ago became particularly powerful recently due to the break-
through rigidity theorems of Eskin–Mirzakhani–Mohammadi [EMi] and [EMiMo].
The moduli space of Abelian (or quadratic) differentials is stratified by the de-
grees of zeroes of the Abelian (or quadratic) differential. Each stratum is en-
dowed with a natural measure, the Masur–Veech measure, that is preserved by
the SL(2,R)-action. Moreover, in each connected component of a stratum this
SL(2,R)-action is ergodic (after restriction to any hypersurface of Abelian differ-
entials defining flat surfaces of constant area). In many important situations the
SL(2,R)-orbit closure of a translation surface is an entire connected component of
a stratum. In order to count the growth rate for the number of closed geodesics on
a translation surface as in [EM], or in order to describe the deviation spectrum of
a measured foliation as in [Fo] , [Zor1], or to count the diffusion rate of a wind-tree
as in [DHL], [DZor], one has to compute the corresponding Siegel–Veech constants,
see [Ve2], and the Lyapunov exponents of the Hodge bundle over the connected
component of stratum. Both quantities are expressed by explicit combinatorial for-
mulas in terms of the Masur–Veech volumes of the strata, see [EMZor], [EKZor],
[AEZor2], [Gj2].
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Equidistribution Theorem. The Masur–Veech volumes of strata of Abelian dif-
ferentials and of meromorphic quadratic differentials with at most simple poles were
computed in [EO1], [EO2], and [EOP]. The underlying idea (see also [Zor2]) was a
computation of the asymptotic number of “integer points” (the ones having coordi-
nates in Z+ iZ in period coordinates) in appropriate bounded domains exhausting
the stratum. Such integer points are represented by “square-tiled” surfaces in the
strata of Abelian differentials, and by “pillowcase covers” for the strata of quadratic
differentials. The square-tiled surfaces are ramified covers over the standard torus
with all ramification points located over a single point of the torus. The pillowcase
covers are covers over CP1 ramified over four points such that all ramifications over
three out of the four points are of order 2.
Similarly, points of an ε-grid in period coordinates of a stratum correspond to
square-tiled surfaces (respectively pillowcase covers for strata of quadratic differ-
entials) tiled with ε× ε-squares. Each square-tiled surface carries interesting com-
binatorial geometry, for example, the decomposition into maximal flat horizontal
cylinders.
We prove in Theorem 1.4 of section 1 that square-tiled surfaces having fixed com-
binatorics of horizontal cylinder decomposition and tiled with smaller and smaller
squares become asymptotically equidistributed in the ambient stratum. Actually,
we prove that this equidistribution theorem holds not only for strata but for any
GL(2,R)-invariant suborbifold that contains a single square-tiled surface1. This
means that taking a tiny ε-grid in an open domain U of finite volume and taking
a random point of this grid, we get a square-tiled surface having given combina-
torics of horizontal cylinder decomposition with probability which asymptotically
(as ε→ 0) does not depend on U .
The Equidistribution Theorem gives sense to the notion of (asymptotic) prob-
ability pk for a “random” square-tiled surface in a given stratum to have a fixed
number k ∈ {1, 2, . . . , g + r − 1} of maximal cylinders in its horizontal or vertical
cylinder decomposition, where g is the genus of the surface and r is the number of
conical singularities (ramification points). We show that the corresponding proba-
bilities for horizontal and vertical cylinder decompositions are uncorrelated.
An interval exchange transformation is called rational if all its intervals under
exchange have rational lengths. We obtain in Theorem 1.14 an analogous equidistri-
bution statement for rational interval exchange transformations. The probabilities
pk that appear in this context are the same as the ones for cylinder decompositions
of square-tiled surfaces. It allows us to give sense to the notion of (asymptotic)
probability pk for a “random” rational interval exchange transformation with a
given permutation to have k bands of isomorphic closed trajectories.
Contribution of 1-cylinder square-tiled surfaces and large genus asymp-
totics of Masur–Veech volumes. The only currently known approach to com-
pute Masur–Veech volumes of strata of Abelian differentials is based on counting
square-tiled surfaces. In section 2 we compute the absolute contribution c1(H) of
1-cylinder square-tiled surfaces to the Masur–Veech volume of a stratum H, where
c1(H) := p1(H) · VolH. We define similarly ck(H), and by definition VolH =
c1(H) + c2(H) + . . .+ cg+r−1(H). We give simple close exact formulas for the con-
tribution c1(H) to the volumes VolH(2g − 2) and VolH(1, . . . , 1) of minimal and
principal strata of Abelian differentials. We also provide sharp upper and lower
1Or equivalently, over the GL(2,R)-invariant suborbifolds defined over Q; see section 1 or [W].
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bounds for contributions of 1-cylinder square-tiled surfaces to the Masur–Veech
volumes of any stratum. The ratio of the upper and lower bounds tends to 1 as
g → +∞ uniformly for all strata in genus g, so the bounds are particularly efficient
in large genus asymptotics.
We conjecture that the corresponding relative contribution p1(H) of 1-cylinder
square-tiled surfaces to the Masur–Veech volume VolH of any stratumH of Abelian
differentials is asymptotically of the order 1/d as g (equivalently d) tends to infinity.
Here d is the dimension d = dimC(H) of the stratum H.
We prove that this conjecture is equivalent to the long-standing conjecture [EZor]
on the large genus asymptotics of the Masur–Veech volumes of strata of Abelian
differentials. We prove that the recent results [CMo¨Zag] of D. Chen, M. Mo¨ller
and D. Zagier imply that the conjecture holds for the principal stratum of Abelian
differentials as genus tends to infinity.
Siegel–Veech constants and Masur–Veech volumes of strata of meromor-
phic quadratic differentials. We indicated that the Masur–Veech volumes were
computed in [EO1], [EO2], and [EOP]. In particular, it is proved in these papers
that the volume of every connected component of every stratum in genus g has the
form r · π2g, where r is some rational number. The generating function in [EO1]
was translated by A. Eskin into a very efficient computer code, which allowed to
evaluate explicitly volumes of all connected components of all strata of Abelian dif-
ferentials in genera up to g = 10 (that is, to compute explicitly the corresponding
rational numbers r), and for some strata up to g = 60. Recent results [CMo¨Zag]
allow to compute r for the principal stratum up to genus g = 2000 and higher.
The approach elaborated by A. Eskin, A. Okounkov, R. Pandharipande in [EO2],
and in [EOP] to the computation of the Masur–Veech volumes of the strata of qua-
dratic differentials had to wait for another decade to be translated into tables of
numbers. One of the reasons for such a delay is a more involved combinatorics and
multitude of various conventions and normalizations required in volume computa-
tions (which is a common source of mistakes in normalization factors like powers
of 2). This is why it is necessary to test theoretical predictions on some table of
volumes obtained by an independent method. In the case of Abelian differentials,
the volumes of several low-dimensional strata were computed by a direct combina-
torial method elaborated by A. Eskin, M. Kontsevich, and one of the authors; this
approach is described in [Zor2]. Another, even more reliable test was provided by
computer simulations of Lyapunov exponents and their ties with volumes through
Siegel–Veech constants. In the case of quadratic differentials, explicit values of vol-
umes of the strata in genus zero were conjectured by M. Kontsevich about fifteen
years ago. The conjecture was proved in recent papers [AEZor1] and [AEZor2].
Further explicit values of volumes of all low-dimensional strata up to dimension 11
were obtained in [Gj2].
Appendices B–C describe an approach to the evaluation of approximate values
of volumes of several dozens of low dimensional strata. Our approach relies on the
Equidistribution Theorem. The idea is to evaluate experimentally the approximate
value of the probability p1(Q) to get a 1-cylinder pillowcase cover taking a “random”
pillowcase cover in a given stratum Q of quadratic differentials. Then we compute
rigorously the absolute contribution c1(Q) of 1-cylinder pillowcase covers to the
Masur–Veech volume VolQ of the stratum. Relation c1(Q) = p1(Q) · VolQ now
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provides the approximate value of the Masur–Veech volume VolQ of the stratum
Q of quadratic differentials.
This approach is completely independent of the one of A. Eskin and A. Okounkov
based on the representation theory. The approximate data obtained in this paper
were used for “debugging” rigorous formulas in [Gj1] and [Gj2].
The fact that our experimental results match theoretical ones in [AEZor1],
[AEZor2], and in [Gj2], and that the induced theoretical values of Siegel–Veech
constants obtained in [Gj1] match independent computer experiments evaluating
the Lyapunov exponents of the Hodge bundle over the Teichmu¨ller geodesic flow, as
well as the exact values of the sums of such Lyapunov exponents computed in [CMo¨]
for the non-varying strata provides some reliable evidence that the nightmare of var-
ious combinatorial conventions leads, nevertheless, to correct and coherent general
formulas presented in [Gj1] and in [Gj2].
Structure of the paper. Section 1 is devoted to equidistribution and section 2
studies the contribution of 1-cylinder square-tiled surfaces (pillowcase covers) to the
Masur–Veech volumes of the strata. The two sections are, basically, independent
with an exception for a short section 2.3 describing the experimental approach to
the computation of Masur–Veech volumes based on the combination of results of
the two sections.
Section 3 is independent of the first two: it presents alternative approaches to
counting 1-cylinder square-tiled surfaces and pillowcase covers based on recursive
relations (section 3.1) and on construction of the Rauzy diagrams (section 3.2).
To make the paper self-contained we added Appendix A suggesting necessary
basic information on the Masur–Veech volumes. It provides information dispersed
through several research papers and might be useful for better understanding of
any of the preceding sections.
The content of Appendix B was isolated to avoid overloading the main body of
the paper. It describes certain subtlety related to normalization of the Masur–Veech
volumes which is not visible in quantitative considerations, but which is relevant
and non-trivial in the context of the current paper.
Appendix C presents tables of the Masur–Veech volumes of low-dimensional
strata in the moduli spaces of meromorphic quadratic differentials with at most sim-
ple poles obtained by the method combining the equidistribution and the counting
results from this paper (the method is described in section 2.3). The tables com-
pare approximate values of volumes with the exact ones indicating in each case the
method of the exact computation.
Acknowledgements. We thank C. Matheus, L. Monin and P. Pushkar Jr. for
numerous valuable conversations. We are grateful to A. Eskin for important dis-
cussions, and for his suggestion of the proof of Lemma 1.5.
1. Equidistribution
1.1. Definition of an essential invariant lattice subset. Recall that any stra-
tum H(m1, . . . ,mr) in the moduli space of Abelian differentials is modelled on the
relative cohomology H1(S, {P1, . . . , Pr};C), where S is the underlying topological
surface and {P1, . . . , Pr} is a finite collection of zeroes of an Abelian differential.
Square-tiled surfaces tiled with unit squares correspond to “integer points” in the
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stratum: they are represented by the points of the latticeH1(S, {P1, . . . , Pr};Z⊕iZ)
in period coordinates.
Denote by P ⊂ SL(2,R) the subgroup of upper-triangular matrices. Let L be a
suborbifold in the ambient stratum supporting a finite P-invariant ergodic measure.
By the fundamental results [EMi], [EMiMo] of Eskin, Mirzakhani, Mohammadi, L
is represented in period coordinates as the complexification of a linear subspace
L ⊂ H1(S, {P1, . . . , Pr};R). We denote by d the dimension of L, which is also
the complex dimension of L. In the current paper we always assume that the lin-
ear subspace L is defined by a system of linear equations with rational coefficients
for some basis in H1(S, {P1, . . . , Pr};Z) ⊂ H1(S, {P1, . . . , Pr};R), or, equivalently,
that the invariant suborbifold L is defined over Q (see [W] for the notion of the field
of definition of a GL(2,R)-invariant suborbifold). For example, any connected com-
ponent of a stratum or a GL(2,R)-orbit of any square-tiled surface is defined over
Q. By a Theorem of A. Wright [W], any connected GL(2,R)-invariant suborbifold
containing a single square-tiled surface is defined over Q.
The rationality assumption implies that L ∩ H1(S, {P1, . . . , Pr};Z) forms a d-
dimensional lattice in L and thus defines a volume element in the vector space L
by the condition that the volume of a fundamental domain in the induced integer
lattice in L is equal to one. We denote by dν the induced volume element in L.
Consider the following subgroups of SL(2,Z):
Uhor =
{(
1 n
0 1
)}
, Uvert =
{(
1 0
n 1
)}
, where n ∈ Z .
Definition 1.1. An essential Uhor-invariant (respectively Uvert-invariant) lattice
subset in a closed connected linear GL(2,R)-invariant orbifold L defined over Q is
a subset DZ ⊂ L of square-tiled surfaces in L (tiled with unit squares), satisfying
the following two properties:
a) The set DZ is invariant under the action of the subgroup Uhor (respectively
Uvert);
b) The following limit exists and is strictly positive:
(1.1) 2d · lim
a→+∞
1
ad
· card{S ∈ DZ
∣∣ Area(S) ≤ a} = c(DZ) > 0 ,
where d = dimC L.
Remark 1.2. The important part of condition (1.1) is the existence of the limit.
When the limit exists but is zero, the statements formulated below stay valid, but
become trivial.
The normalization factor 2d is chosen by esthetic reasons; it is coherent with the
traditional normalization of the Masur–Veech volume and makes numerous formula
less bulky.
One can also study weighted analogs of essential lattice subsets associating to
each square-tiled surface some Uhor-invariant (respectively Uvert-invariant) weight
(like the area of one of the maximal cylinder divided by the total area of the square-
tiled surface).
Recall that L1 denotes the real hypersurface in L of those pairs (C, ω) in L for
which the area defined by the Abelian differential ω equals one, i2
∫
C
ω ∧ ω¯ = 1.
The cone CRX ⊂ H(m1, . . . ,mr) over a subset X ⊂ L is defined as
CRX := {(C, r · ω) | (C, ω) ∈ X, 0 < r ≤ R} .
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Geometrically the flat surface r · S = (C, r · ω) is obtained from the flat surface
S = (C, ω) by applying homothety with coefficient r:
(C, r · ω) =
(
r 0
0 r
)
· S .
Note that Area(r · S) = r2 Area(S). By
C∞X := {(C, r · ω) | (C, ω) ∈ X, 0 < r}
we denote the cone over X with no restrictions on the scaling factor.
By definition, the Masur–Veech volume ν1(X1) of a subset X1 ⊂ L1 is defined
as the ν-volume of the “unit cone” over X1 normalized by a dimensional factor:
(1.2) ν1(X1) := 2d · ν(C1X1) , where d = dimC L .
Another fundamental result of Eskin, Mirzakhani, Mohammadi [EMi], [EMiMo]
states that rescaling the initial finite ergodic measure on L1 by an appropriate
constant factor we get the Masur–Veech volume element dν1. In particular, ν1(L1)
is finite. (Finiteness of Masur–Veech volumes of the strata was proved much earlier
independently by H. Masur in [Ma] and by W. Veech in [Ve1].)
We denote by LZ the set of all points in L represented by the points of the
lattice H1(S, {P1, . . . , Pr};Z⊕ iZ) in period coordinates. Finiteness of the Masur–
Veech volume ν1(L1) implies that for any linear invariant orbifold L defined over
Q the set LZ is an essential lattice subset invariant under both Uhor and Uvert.
The invariance is obvious while existence and finiteness of the limit (1.1) follows
from the definition of the Masur–Veech volume: the limit c(LZ) coincides with the
volume of L1:
c(LZ) = ν1(L1) .
Given any essential lattice subset DZ in L, we also define a “probability” p(DZ) by
(1.3) p(DZ) = lim
a→+∞
card{S ∈ DZ
∣∣ Area(S) ≤ a}
card{S ∈ LZ
∣∣ Area(S) ≤ a} =
=
c(DZ)
c(LZ) =
c(DZ)
ν1(L1) =
c(DZ)
2d · ν(C1L1) .
The quantity p(DZ) gives the asymptotic proportion of the square-tiled surfaces
which form the subset DZ among all square-tiled surfaces LZ in L as the number of
squares of tiling tends to infinity. It represents the probability to get a square-tiled
surface in DZ taking a random square-tiled surface in LZ.
1.2. Existence of essential invariant lattice subsets. Our first result shows
that the GL(2,R)-invariant suborbifolds of the strata in the moduli space of Abelian
differentials or meromorphic quadratic differentials with at most simple poles de-
fined over Q contain many interesting Uhor (respectively Uvert) invariant essen-
tial lattice subsets. Note that every square-tiled surface has a decomposition into
maximal horizontal (respectively vertical) cylinders. One can count separately the
numbers of 1-cylinder, 2-cylinder, etc k-cylinder square-tiled surfaces tiled with at
most N squares. Clearly, the number of maximal horizontal (respectively vertical)
cylinders is invariant under the action of Uhor (respectively of Uvert). One can go
further and fix the combinatorics of the way these maximal cylinders are attached
to each other along horizontal (respectively vertical) saddle connections; this combi-
natorics is described by the associated critical graph called also separatrix diagram.
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To make our paper self-contained we recall the formal definition of a separatrix
diagram in section A.3.
A separatrix diagram D is called “realizable” in L if there exists a surface in L
with periodic horizontal foliation having a decomposition into maximal horizontal
cylinders given by the diagram D.
Theorem 1.3. Let L be a GL(2,R)-invariant suborbifold of Abelian differentials
(or quadratic differentials with at most simple poles) defined over Q. Let D be a
separatrix diagram realizable in L. Then the set DZ(L) of all square-tiled surfaces
in L (respectively pillowcase covers in L for the strata of quadratic differentials)
sharing the diagram D is an essential lattice subset in L.
Theorem 1.3 is proved in section 1.5.
By a result of J. Smillie square-tiled surfaces in a stratum H(m1, . . . ,mr) can
have from 1 to g+ r− 1 maximal cylinders, and any value in this range is attained
by some square-tiled surface in the stratum. Since a finite union of essential lattice
subsets is also an essential lattice subset and since the collection of all separatrix di-
agrams corresponding to a given stratum is finite, Theorem 1.3 implies that the set
of all square-tiled surfaces (respectively pillowcase covers) having exactly k cylinders
is an essential lattice subset in any stratum for any k in {1, . . . , g+ r−1}. The cor-
responding relative contributions pk(Hcomp(m1, . . . ,mr)) of k-cylinder square-tiled
surfaces to the Masur–Veech volume of connected components Hcomp(m1, . . . ,mr)
of the strata are of particular interest to us.
1.3. Equidistribution in the unit hyperboloid. Our first result concerns equidis-
tribution of integer points from any essential lattice subset in the “unit hyperboloid”
L1 for any linear invariant orbifold L defined over Q.
Theorem 1.4. Let DZ be a Uhor- or Uvert-invariant essential lattice subset in some
linear GL(2,R)-invariant suborbifold L defined over Q of some stratum of Abelian
differentials. Let d be the complex dimension of L. Let X1 be an open set in the
“unit hyperboloid” L1.
Then the number
ND(X1, a) = card{S ∈ DZ ∩ C√aX1}
of square-tiled surfaces S in DZ tiled with N ≤ a unit squares which project to X1
under the natural projection L → L1 asymptotically depends only on DZ and on the
Masur–Veech measure ν1(X1) of X1:
(1.4) 2d · lim
a→+∞
ND(X1, a)
ad
= c(DZ) · ν1(X1)
ν1(L1) ,
where the constant c(DZ) defined in (1.1) depends only on DZ.
Equivalently, for any bounded continuous function f : L1 → R one has
(1.5) 2d · lim
a→+∞
1
ad
∑
S∈DZ∩C√aX1
f
(
S√
Area(S)
)
=
c(DZ)
ν1(L1)
∫
X1
fdν1.
We start the proof of Theorem 1.4 with the following preparatory Lemma.
Lemma 1.5. Any finite P-invariant ergodic measure ν1 on any stratum of Abelian
differentials is ergodic with respect to the action of the discrete parabolic subgroup
Uhor ⊂ P of matrices of the form
(
1 n
0 1
)
with n ∈ Z.
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Proof. By the fundamental Theorem of A. Eskin and M. Mirzakhani [EMi] any
finite P-invariant ergodic measure is ergodic with respect to the SL(2,R)-action.
Let G be a simple Lie group, H be a closed non-compact subgroup of G and
let G-action be ergodic with respect to a finite invariant measure. By a particular
case of Moore’s Ergodicity theorem (Theorem 2.2.15 in [Zim]) the H-action is also
ergodic.
In our case the simple Lie group is SL(2,R) and the closed non-compact subgroup
H is Uhor. 
Remark 1.6. Note that in the general statement of Moore’s Ergodic Theorem, the
group G is a finite product of simple Lie groups with finite center, and the ergodic
G-action is supposed to be irreducible (see Theorem 2.2.15 and Definition 2.2.11
in [Zim]). However, for a simple Lie group G the requirement of irreducibility of
the action is satisfied automatically; see the remark after Definition 2.2.11 in [Zim].
Proof of Theorem 1.4. The proof mimics the proof of Theorem 6.4 in [Mi1].
Fix a connected GL(2,R)-invariant orbifold L defined over Q. Any essential
lattice subset DZ defines a sequence of measures µ(N,D) on L1, where N ∈ N.
Namely, we put Dirac masses to all points represented by square-tiled surfaces tiled
with at most N unit squares which belong to DZ. Then we project these points
from L to L1 by the natural projection, and normalize the resulting measure by
2d ·N−d, where d = dimC L.
Taking all square-tiled surfaces in L, and not only those which belong to the
subsetDZ, we get a sequence of measures which we denote by µ(N) and which weakly
converges to our canonical invariant Masur–Veech measure ν1 on L1, see (1.2).
By definition, for any essential lattice subset DZ we have µ(N,D) ≤ µ(N) for we
take only part of square-tiled surfaces of area at most N to define µ(N,D) while we
take all square-tiled surface of area at most N to define µ(N). Since the normaliza-
tion factor 2d ·N−d is the same in both cases, we get the desired inequality. This
implies that for any open ball X ⊂ L1 we have
lim sup
N→+∞
µ(N,D)(X) ≤ lim sup
N→+∞
µ(N)(X) = ν1(X) < +∞ .
and any subsequence of {µ(N,D)} contains a weakly converging subsequence.
The inequality µ(N,D) ≤ µ(N) implies that any weak limit µJ of {µ(N,D)}N∈N is in
the same Lebesgue class as the Masur–Veech measure ν1, that is for any measurable
V ⊂ L1 with ν1(V ) = 0, we have µJ(V ) = 0.
The Uhor-invariance of the essential lattice subset implies that all measures
µ(N,D) are Uhor-invariant. Hence, the measure µJ is also Uhor-invariant.
By Lemma 1.5 the Masur–Veech measure ν1 is ergodic with respect to the action
of Uhor. Ergodicity of ν1 with respect to the action of Uhor, invariance of µJ under
the action of Uhor, and the fact that µJ is in the Lebesgue measure class of ν1 all
together imply that the two measures are proportional:
µJ = kJ · ν1 .
Finally, equation (1.1) implies that the coefficient of proportionality kJ does not
depend on the subsequence J : it equals the ratio
c(DZ)
ν1(L1), where c(DZ) is the limit
in (1.1). Theorem 1.4 is proved. 
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1.4. Equidistribution in a linear invariant suborbifold defined over Q.
In certain situations it is convenient to work with subsets X of the entire linear
GL(2,R)-invariant suborbifold L defined over Q instead of the subsets of the unit
hyperboloid L1. The statement below provides a version of our equidistribution
result applied to spatial versus hypersurface domains.
Define DεZ as the image of DZ under the action of the uniform contraction with
the scaling factor ε, namely
DεZ :=
(
ε 0
0 ε
)
DZ
Given X ⊂ L we can either apply a homothety
(
ε−1 0
0 ε−1
)
to X and consider the
intersection with an essential lattice DZ . Or, equivalently, intersect the original set
X with the rescaled essential lattice subset DεZ.
Theorem 1.7. Let DZ be a Uhor- or Uvert-invariant essential lattice subset in
some linear GL(2,R)-invariant suborbifold L defined over Q of complex dimension
d. Let X be an open subset in L. Then the number
N˜D(X, ε) = card{S ∈ DεZ ∩X}
of square-tiled surfaces S in X tiled with tiny ε× ε-squares that belong to DZ after
rescaling by 1ε , asymptotically depends only on DZ and on the Masur–Veech volume
ν(X) of X:
(1.6) lim
ε→+0
ε2d · N˜D(X, ε) = c(DZ)
ν1(L1) · ν(X) ,
where the constant c(DZ) defined in (1.1) depends only on DZ.
Equivalently, for any compactly supported or positive continuous function f :
L → R one has:
(1.7) lim
ε→+0
ε2d
∑
S∈DεZ∩X
f(S) =
c(DZ)
ν1(L1)
∫
X
fdν.
The statements of Theorem 1.4 and Theorem 1.7 are rather different for the
simple reason that ν1 has finite mass while ν has not. In particular, in the version
above the quantities in the equations (1.6) and (1.7) might can be infinite (on both
sides of the equality).
Proof. The proof is a consequence of the previous Equidistribution Theorem (The-
orem 1.4). Note that the number ND(X1, a) introduced in the statement of The-
orem 1.4 and the number N˜D(X, ε) for X = C1X1 and for ε = 1√a used in the
statement of Theorem 1.7 coincide:
ND(X1, a) = card{S ∈ DZ∩C√aX1} = card{S ∈ D 1√
a
Z∩C1X1} = N˜D(C1X1,
1√
a
) .
Hence the particular case of Theorem 1.7 when X has the form of a cone X =
C1X1 based on an open subset of the “unit hyperboloid” (see the left picture in
Figure 1) is already proved. By homogeneity, the latter statement is also valid for
any cone X = CrX1 with any r > 0. Hence it is also valid for any complement
X = CRX1−CrX1 for any R > r > 0 (see the right picture in Figure 1). Following
the lines of Riemann integration, for any set X as in the statement of Theorem 1.7
we can find a pair of finite collections of such “hyperbolic trapezoids” such that the
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Figure 1. Cone based on the “unit hyperboloid” on the left and
part of the cone confined between two “hyperboloids” on the right.
trapezoids would be pairwise disjoint in each collection; X would be a subset of the
union of the trapezoids in the first collection; the union of trapezoids in the second
collection would be a subset of X ; the difference between two unions of trapezoids
would have arbitrary small measure. This proves Theorem 1.7. 
1.5. Invariance along Re and Im foliations. Note that any stratum of Abelian
differentials of complex dimension d is endowed with a pair of transverse foliations
of real dimension d induced from the canonical direct sum decomposition in period
coordinates
H1(S, {P1, . . . , Pr};C) = H1(S, {P1, . . . , Pr};R)⊕H1(S, {P1, . . . , Pr}; iR) .
In particular, in a neighborhood of any point (C, ω) of the stratum one has canoni-
cal direct product structure in period coordinates. Locally, leafs of the Im-foliation
are preimages of points under projection to the first summand, and of the Re-
foliation — to the second. In other words, pairs (C, ω) in a leaf of the Im-
foliation (respectively of the Re-foliation) share the cohomology class [Reω] ∈
H1(S, {P1, . . . , Pr};R) (respectively [Imω] ∈ H1(S, {P1, . . . , Pr};R)).
By a fundamental theorem of Eskin, Mirzakhani and Mohammadi, any linear
GL(2,R)-invariant suborbifold L is represented in period coordinates by a complex-
ification of a real linear subspace L in the real relative cohomology. Thus, any such
suborbifold also has a direct product structure as above and is endowed with analo-
gous Re and Im-foliations. They have real dimension d where d = dimR L = dimC L,
and their leaves are intersections of the leaves of Re and Im-foliations in the ambient
stratum with L. If L is locally represented in period coordinates as a finite union
of several linear subspaces, every such subspace is foliated by Re and Im-foliations.
Theorem 1.8. Assume that the vertical foliation of some flat surface S0 is periodic.
Let D be its separatrix diagram. Then the vertical foliation of any flat surface S
in the leaf of the Im-foliation passing through S0 is also periodic and has separatrix
diagram D.
Similarly, if some flat surface S0 has periodic horizontal foliation, then all other
flat surfaces in the same leaf of the Re-foliation also have periodic horizontal foli-
ation with the same separatrix diagram.
Let us emphasize that by definition a leaf is always connected. Note that if one
considers a GL(2,R)-invariant suborbifold L ⊂ H then the intersection of L with a
leaf of the Re-foliation of the stratum H might be non-connected. The leaves of the
Re-foliations on L are precisely the connected components of these intersections.
The two parts of the statement are completely symmetric, so it is sufficient to
prove the second one, where the horizontal foliation of S0 is periodic. Its proof will
use the following simple Lemma.
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Lemma 1.9. Let S be a translation surface with periodic horizontal foliation. Con-
sider the collection of all horizontal saddle connections completed for each cylinder
by a choice of a non-horizontal segment inside the cylinder joining some pair of sin-
gularities on the two boundary components of the cylinder. Viewed as a collection
of relative homology cycles, such collection of saddle connections spans the entire
relative homology group H1(S, {P1, . . . , Pr};Z).
Proof. The complement to the union of our segments is a disjoint union of topolog-
ical discs. Thus, the collection of segments as above defines a 1-skeleton of a CW
decomposition of S, where all 0-cells belong to the finite set {P1, . . . , Pr}. 
Proof of Theorem 1.8. Denote the lengths of the horizontal saddle connections of S0
by ℓj, the lengths of the waist curves of the cylinders by wk, the heights of the cylin-
ders by hk and the “twists” (horizontal projections of the oriented non-horizontal
segments crossing the cylinders) by φk. Denote by ω0 the Abelian differential repre-
senting the initial flat surface S0. Note that the numbers ℓj and φk are the relative
periods of the relative cohomology class [Reω0] ∈ H1(S, {P1, . . . , Pr};R) and the
numbers hk are the relative periods of [Imω0] ∈ H1(S, {P1, . . . , Pr};R). The rela-
tive periods of [Imω0] corresponding to the horizontal saddle connections are equal
to zero.
Now, change the cohomology class [Reω0] ∈ H1(S, {P1, . . . , Pr};R) by a small
deformation and keep the cohomology class [Imω0] fixed. It would deform periods
ℓj, φk. The deformed parameters ℓ
def
j , φ
def
k , hk represent the cylinder decomposition
of a well-defined translation surface Sdef with periodic horizontal foliation. Indeed,
one can glue a translation surface living in the original stratum from the collection
of deformed horizontal cylinders corresponding to parameters ℓdefj , φ
def
k , hk if and
only if the following two conditions are satisfied: all ℓdefj are strictly positive and
the lengths of the waist curves wdefk of the deformed cylinders satisfy linear relations
imposed by the combinatorics of the diagram D. Since these relations are reduced
to relations in integer cohomology cocycles, and since we performed the deformation
of relative periods ℓj inside the relative cohomologyH
1(S, {P1, . . . , Pr};R), all such
relations are automatically satisfied.
By construction any deformed translation surface Sdef belongs to the leaf of the
Re-foliation passing through S0 and represents the separatrix diagramD. Consider-
ing deformations in a small open neighborhood of [Reω0] in H
1(S, {P1, . . . , Pr};R)
we get an entire small open neighborhood of S0 in the Re-leaf passing through S0.
This implies the statement of the Theorem. 
Now we are ready to prove Theorem 1.3.
Proof of Theorem 1.3. By assumption, the suborbifold L is GL(2,R)-invariant, in
particular, Uhor-invariant. The set of all square-tiled surfaces (pillowcase covers)
in the ambient stratum represented by any given separatrix diagram D is Uhor-
invariant. Thus, the condition a) of Definition 1.1 is respected for any GL(2,R)-
invariant suborbifold L and for any separatrix diagram D.
We have to show now that the limit in “b” exists, that it is finite, and that
it is strictly positive. (Basically, what we have to prove is that the contribution
of any realizable separatrix diagram to the Masur–Veech volume of any the am-
bient GL(2,R)-invariant suborbifold L defined over Q is well-defined and strictly
positive.)
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Applying if necessary the canonical orienting double cover construction Sˆ → S
to every flat surface S in L, we can restrict the proof to the case of a suborbifold in
a stratum of Abelian differentials: the two counts might differ only by some finite
strictly positive normalization factor.
First note that
(1.8) 2d · lim sup
a→+∞
1
ad
· card{S ∈ DZ(L)
∣∣ Area(S) ≤ a} < +∞ .
This property is a trivial corollary of the nontrivial theorems of A. Eskin, M. Mirza-
khani and A. Mohammadi [EMi], [EMiMo] telling that the Masur–Veech volume of
L is finite. By definition the Masur–Veech volume Vol(L) is defined as the analo-
gous limit where instead of DZ(L) we take the set of all integer points in L. Since
DZ(L) forms a subset of the set of all integer points, the relation above follows.
Let us prove the relation
(1.9) 2d · lim inf
a→+∞
1
ad
· card{S ∈ DZ(L)
∣∣ Area(S) ≤ a} > 0 .
We use notation ℓj , φk, wk, hk for parameters of a cylinder decomposition as in the
proof of Theorem 1.8. Let S0 ∈ L be a translation surface with periodic horizontal
foliation realizing the separatrix diagram D. By assumption, the GL(2,R)-invariant
suborbifold L is defined over Q which implies that rescaling the flat surface S0 in
vertical direction by an appropriate linear transformation
(
1 0
0 R
)
we can make all
vertical parameters hj integer. We will still denote the resulting surface in L by
S0, and the Abelian differential representing it by ω0.
Consider a small open neighborhood U(S0) of S0 in the leaf of the Re-foliation
in L passing through S0. Denote by A the supremum of the flat area of trans-
lation surfaces in U(S0). Let L be the linear subspace in period coordinates
H1(S, {P1, . . . , Pr};R) representing L. We can consider U(S0) as an open domain
U([Re(ω0)]) ⊂ L under the natural local identification of the Re-leaf through S0 in
L with L ⊂ H1(S, {P1, . . . , Pr};R). Since L is a rational subspace of the relative co-
homology H1(S, {P1, . . . , Pr};R) with respect to the natural integer basis in period
coordinates, we conclude that the rational grid L ∩H1(S, {P1, . . . , Pr}; 1NZ) forms
a d-dimensional lattice in L, where d = dimL = dimC L. Consider a translation
surface Sdef ∈ U corresponding to a point of this grid, and apply the transforma-
tion
(
N 0
0 1
)
to it. Theorem 1.8 implies that we get a surface in DZ(L) of area at
most A ·N . The number of the points of our rational grid which get inside U is of
the order Vol(U) ·Nd. The relation (1.9) is proved.
It remains to prove that the upper and lower limits (1.8) and (1.9) coincide.
This follows from the fact that we can vary the integer horizontal parameters ℓj, φk
independently from the integer vertical parameters hk in such way that the trans-
lation surface stays in DZ(L), and from the fact that we have flexibility with order
of summation when manipulating series of positive terms.
Fix any collection of integer parameters hk realizable as heights of the cylinders
of some translation surface S0 in DZ(L). The Re-leaf LRe(S0) = LRe(h1, . . . ) in L
passing through S0 has the following global structure. The admissible parameters ℓj
representing the horizontal cylinder decomposition of an actual translation surface
in L with periodic horizontal foliation corresponding to the diagram D might be
defined as the set of solutions of a system of linear equations and inequalities in ℓj.
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This defines a finite union of polyhedral cones. For any fixed collection of admissible
parameters ℓj , parameters φk belong to a torus of some fixed dimension determined
by DZ(L), and LRe(h1, . . . ) is the total space of the corresponding torus bundle.
Note that it is endowed with the natural volume element coming from the volume
element in the period coordinates L ⊂ H1(S, {P1, . . . , Pr};R) normalized by means
of the integer lattice L ∩H1(S, {P1, . . . , Pr};Z). (By assumption L is rational, so
this lattice has maximal dimension in L.)
The condition Area(S) ≤ a is expressed in our coordinates as∑wkhk ≤ a, where
wk are appropriate sums of subcollections of ℓj , and where we consider hk as fixed
parameters. Denote by DZ(h1, . . . ) = LRe(h1, . . . ) ∩ DZ(L) the subset of DZ(L)
corresponding to the fixed realizable collection of integer parameters hk. The limit
c(h1, . . . ) = 2d · lim
a→+∞
1
ad
· card{S ∈ DZ(h1, . . . )
∣∣ Area(S) ≤ a} ,
exists since it computes the well-defined volume of LRe(h1, . . . ). We have expressed
the limit c(DZ(L)) in (1.1) as an infinite sum of positive terms
(1.10) c(DZ(L)) =
∑
Realizable
integer h1,...
c(h1, . . . ) .
By (1.8) the sum is bounded, and hence converging, which proves that the limit
exists. 
Remark 1.10. The diagram-by-diagram computation of the Masur–Veech volume
performed for some low-dimensional strata of Abelian and quadratic differentials
follows (1.10). The reader can find such calculation of VolH(2) in (A.8) and (A.9)
in Appendix A.3.
Definition 1.11. We say that a lattice subset DZ(L) in a linear GL(2,R)-invariant
orbifold L defined over Q is Re-invariant (respectively Im-invariant) if for any
integer point S0 of DZ(L) all integer points located in the leaf of the Re-foliation
(respectively Im-foliation) in L passing through S0 also belong to DZ(L).
Note that the unipotent subgroups
Uh =
{(
1 t
0 1
)}
, Uv =
{(
1 0
t 1
)}
, where t ∈ R .
act along the leaves of the Re-foliation and Im-foliation respectively. Thus any
Re-invariant (respectively Im-invariant) lattice subset DZ is automatically Uhor-
invariant (respectively Uvert-invariant). If, in addition, condition b) in Defini-
tion 1.1 is satisfied, we will say that DZ is a Re-invariant (respectively Im-invariant)
essential lattice subset. Clearly, the Re-invariance (correspondingly Im-invariance)
is a stronger property than the Uhor-invariance (correspondingly Uvert-invariance)
of an essential lattice subset.
Corollary 1.12. Fix a separatrix diagram D of the horizontal (respectively vertical)
foliation realizable for some GL(2,R)-invariant orbifold L defined over Q. Consider
the set DZ(L) of square-tiled surfaces in L tiled by unit squares and having the
separatrix diagram D. The set DZ(L) is a Re-invariant (respectively Im-invariant)
essential lattice subset.
Proof. The corollary is a simple combination of Theorem 1.3 and Theorem 1.8. 
SQUARE-TILED SURFACES OF FIXED COMBINATORIAL TYPE 15
The above Corollary immediately implies that the sets of square-tiled surfaces
in any connected component of a stratum having a fixed number of horizontal
(respectively vertical) cylinders is also Re-invariant (respectively Im-invariant).
We have seen in the proof of Theorem 1.8 that assigning any fixed realizable
integer values to the heights h1, . . . of the maximal cylinders we still get a Re-
invariant essential lattice subset D(h1, . . . ) ⊂ DZ(L) in the ambient GL(2,R)-
invariant suborbifold L. However, imposing any nontrivial realizable additional
linear inequalities on the lengths of the horizontal saddle connections ℓj we get a
Uhor-invariant essential lattice subset which is already not Re-invariant.
1.6. Equidistribution for interval exchange transformations. For any in-
terval exchange transformation T = (π, λ) one can construct a continuous family
S(π, λ) of flat surfaces carrying the structure of a suspension over T .
Lemma 1.13. The set S(π, λ) of all suspensions over any fixed interval exchange
transformation T = (π, λ) forms an open connected subset of the corresponding leaf
of the Im-foliation.
Proof. The set S(π, λ) of suspensions is described in [Ve1]; in particular, it is proved
there that it forms an open connected d-dimensional domain, where d is the complex
dimension of the stratum. (Actually, the article [Ve1] describes much finer structure
of this set.) The fact that it is a subset of a leaf of the Im-foliation is a triviality.
The reader might consult the paper [Ma] for a very explicit realization of a
certain concrete suspension over any given interval exchange transformation 
Theorem 1.8 and Lemma 1.13 imply that certain properties of any suspension
over an interval exchange transformation are completely determined by the underly-
ing interval exchange transformation. In particular, the vertical foliation is periodic
for a suspension if and only if the original interval exchange transformation is pe-
riodic. The separatrix diagram D of the corresponding periodic vertical foliation is
one and the same for all suspensions and, thus, is encoded by the underlying inter-
val exchange transformation T . Note that if the lengths of all subintervals under
exchange are commensurable, the interval exchange transformation is necessarily
periodic.
Combining the equidistribution Theorem 1.7 with Lemma 1.13 and with Corol-
lary 1.12 we obtain a similar equidistribution result for interval exchange transfor-
mations.
We say that a permutation π on {1, 2, . . . , d} is irreducible if the only π-invariant
subsets of the form {1, 2, . . . , k} are the empty set and {1, 2, . . . , d}.
Theorem 1.14. Let π be an irreducible permutation, let Hcomp be the associated
connected component of the stratum of Abelian differentials ambient for suspen-
sions over interval exchange transformations with permutation π and let d be its
complex dimension. Furthermore, let DZ be an Im-invariant essential lattice subset
of square-tiled surfaces in Hcomp.
Consider any open and relatively compact set I in Rd+. The number
nD(I, ε) := card{λ ∈ (εN)d ∩ I
∣∣ S(π, λ) ∩ DεZ 6= ∅}
of interval exchange transformations (π, λ) in an ε-grid in I such that (π, λ) has
suspensions in DεZ, asymptotically depends only on DZ and on the Lebesgue measure
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vol(I) of I:
(1.11) lim
ε→+0
εd · nD(I, ε) = c(DZ)
ν1(Hcomp) · vol(I) ,
where the constant c(DZ) defined in (1.1) depends only on the essential lattice sub-
set.
Equivalently, for any continuous function f : Rd+ → R with compact support one
has
(1.12) lim
ε→+0
εd
∑
λ∈(εN)d∩I such
that S(π,λ)∩DεZ 6=∅
f(λ) =
c(DZ)
ν1(Hcomp)
∫
I
f(λ)dλ.
Proof. We first prove the result for some small enough open neighborhood I of
a point λ0 ∈ Rd+. Fix λ0 ∈ Rd+ and a suspension S0 ∈ S(π, λ0). Because of the
product structure, there exists a neighborhood of S0 in the corresponding stratum of
the formX = I×J , where I corresponding to the real part is identified with a subset
of Rd+ corresponding to the length data of the interval exchange transformation, and
J corresponds to the imaginary part.
Because DZ is Im-invariant, the property of being in DZ only depends on the
coordinate in I. As a consequence we have
N˜D(X, ε) = nD(I, ε)× card(J ∩ (εZd)) ,
where N˜D(X, ε) is the quantity introduced in Theorem 1.7. Applying Theorem 1.7
we get as ε tends to 0 that
εdnD(I, ε) =
ε2dN˜D(X, ε)
εd card(J ∩ (εZd)) →
c(DZ)
ν1(L1)
ν(X)
vol(J)
.
Because ν is the product measure of the Lebesgue measures along Re and Im
foliations we have ν(X) = vol(I)× vol(J) and the result follows.
We just proved the result for an open set I small enough so that there exists an
open set J with a product X = I×J that embedds in the corresponding stratumH.
Now the result extends to any relatively compact I by considering finite partition
so that the embedding can be realized on each element of the partition. 
We are especially interested by the following particular case of the above Theo-
rem.
Corollary 1.15. Let π be a permutation in the Rauzy class representing some
connected component Hcomp(m1, . . . ,mr) of a stratum of Abelian differentials, and
let d be the number of elements in π.
Consider any open bounded set I in Rd+. The numbers of interval exchange
transformations (π, λ) in an ε-grid in I satisfying
nk(I, ε) := card{λ ∈ (εN)d∩I
∣∣ (π, λ) has k bands of periodic orbits} k = 1, 2, . . .
have the same asymptotic proportions as the proportions pk(Hcomp(m1, . . . ,mr))
of k-cylinder square-tiled surfaces in the ambient component Hcomp(m1, . . . ,mr) of
the stratum of Abelian differentials:
(1.13) lim
ε→+0
ni(I, ε)
nj(I, ε)
=
pi(Hcomp(m1, . . . ,mr))
pj(Hcomp(m1, . . . ,mr)) for any i, j ∈ N .
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Theorem 1.14 allows a refinement for any linear GL(2,R)-invariant orbifold L
defined over Q and for any Im-invariant essential lattice subset DZ in it. This
time the number of elements in π would be different from the dimension d of L.
One has to consider an initial interval exchange transformation (π, λ0) in such a
way that some suspension over it belongs to L. One has to take an ε-grid in an
appropriate open neighborhood I of (π, λ0) in L, where L is the real linear subspace
in H1(S, {P1, . . . , Pr};R) defined over Q representing L in period coordinates. The
power d in the normalization εd should be understood now as the complex dimension
of L, or, equivalently, as the real dimension of L. Under these adjustments the
statement and the proof become completely analogous to the ones of Theorem 1.14.
Remark 1.16. Statements completely analogous to Theorem 1.14 and to Corol-
lary 1.15 hold for rational linear involutions and Im-invariant essential lattice sub-
sets of pillowcases covers in the strata of quadratic differentials. We specify the
meaning of “integer” (or “rational”) linear involutions in Lemma 1.18 in the next
section.
1.7. Dependence on the definition of “integer points”. Clearly, everything
which was stated for linear GL(2,R)-invariant suborbifolds defined over Q in strata
of Abelian differentials can be generalized to analogous linear invariant suborbifolds
L defined over Q in strata of quadratic differentials. Applying the canonical orien-
tation double cover construction Sˆ → S to every flat surface S in L we transform
L into a linear GL(2,R)-invariant suborbifold Lˆ defined over Q located already in
the stratum of Abelian differentials ambient for Sˆ.
Note that the choice of the “integer lattice” in the period coordinates under
this construction is a matter of convention. Recall that a stratum of quadratic
differentials is modeled on the subspace H1−(Sˆ, {Pˆ1, . . . , Pˆr};C) antiinvariant under
the canonical involution of Sˆ.
Convention 1.17. We chose as a distinguished lattice in H1−(Sˆ, {Pˆ1, . . . , Pˆr};C)
the subset of those linear forms which take values in Z⊕iZ onH−1 (Sˆ, {Pˆ1, . . . , Pˆr};Z).
Alternatively, we can define the lattice as
H1−(Sˆ, {Pˆ1, . . . , Pˆr};C) ∩H1(Sˆ, {Pˆ1, . . . , Pˆr};Z⊕ iZ) .
The former lattice is a sublattice of index 42g+r−1 in the latter one, where g is the
genus of S and r is the number of true zeroes on Sˆ, forgetting the “false ones”,
i.e. forgetting the marked points corresponding to preimages of the poles (see
section 2.2 in [AEZor1] and section 5.8 in [Gj2] for details on comparison of these
two conventions).
Note also, that the choice of such convention might considerably affect the value
of the constant c(DZ) in the definition (1.1) of an essential lattice subset. For
example, the contribution of a fixed separatrix diagram to the volume of the ambient
stratum of quadratic differentials might change by a factor different from 42g+r−1
when passing from the second lattice to the first one, though the total sum of
contributions of all separatrix diagrams differs for two choices of the lattice by the
factor 42g+r−1, see an example considered in detail in section B.
Throughout this paper we follow Convention 1.17. Lemma 1.18 below shows that
this choice is coherent with the naive choice of integer (rational) linear involutions.
Consider some linear involution π of d + 1 elements (see [DaN]; in alternative
terminology — a generalized permutation, see [BL]). The lengths of subintervals
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of the corresponding generalized interval exchange transformation satisfy a linear
relation of the form
(1.14) λj1 + · · ·+ λjm = λk1 + · · ·+ λkn .
Choose any parameter in the right or left hand side of relation (1.14). The remaining
d lengths of intervals under exchange in our generalized interval exchange trans-
formation provide local coordinates in the space of generalized interval exchange
transformations.
Consider a suspension over the generalized interval exchange transformation
(λ, π), where λ satisfies the relation (1.14). Note that each interval under exchange
is the projection of the corresponding saddle connection to the real axes. In partic-
ular, under appropriate orientation of the relative cycles in H−1 (Sˆ, {Pˆ1, . . . , Pˆr};Z)
induced by such saddle connections, the lengths of the subintervals under exchange
represent the real parts of half-periods of ωˆ on Sˆ over the corresponding cycles, and
thus, our coordinates in the space of generalized interval exchange transformations
can be viewed as period coordinates H1−(Sˆ, {Pˆ1, . . . , Pˆr};R).
Choosing values in (εZ)d for the chosen parameters we get a subset SεZ in the
intersection of a neighborhood U(λ0, π) ⊂ H1−(Sˆ, {Pˆ1, . . . , Pˆr};R) with the lattice
H1−(Sˆ, {Pˆ1, . . . , Pˆr}; εZ). Note that when all lengths chosen as coordinates are
integer multiples of ε, the single remaining length is also an integer multiple of ε
by relation (1.14). This observation implies the following simple Lemma.
Lemma 1.18. The resulting subset SεZ in a small open neighborhood U(λ0, π) ⊂
H1−(Sˆ, {Pˆ1, . . . , Pˆr};R) coincides with the intersection of U with the lattice defined
by Convention 1.17 scaled by the factor 2ε.
This lemma implies that stating direct analogs of Theorem 1.14 and of Corol-
lary 1.15 for linear involutions with lengths of the subintervals in the mesh (εN)d we
get absolute contributions c(DZ) in the analog of Theorem 1.14 and the relative con-
tributions pi(Qcomp(d1, . . . , dk)) in the analog of Corollary 1.15 which correspond to
Convention 1.17 on the choice of the integer lattice in H1−(Sˆ, {Pˆ1, . . . , Pˆr};Z⊕ iZ).
Returning to the discussion of the choice of “integer points”, one can redefine
“integer points” more radically than choosing a finite index sublattice in cohomol-
ogy. The Equidistribution Theorem 1.4 shows that any Uhor-invariant (or Uvert-
invariant) essential lattice subset DZ might serve as a “set of integer points”. We
have to adjust the definition of the Masur–Veech measure in terms of such a set of
integer points defining it as
(1.15) ν′1(X) := lim
R→+∞
2d · 1
Rd
· card{DZ ∩CRX1}
(normalization factor 2d is kept here by purely esthetic reasons). By Theorem 1.4
the resulting measure dν′1 is proportional to the original Masur–Veech measure with
the constant factor p(DZ).
1.8. Horizontal and vertical cylinder decompositions are uncorrelated.
Essential lattice subsets DZ and D′Z are, in general, “correlated”: p(DZ ∩ D′Z) is
not necessarily equal to p(DZ) · p(D′Z). The results below show, however, that any
horizontally-invariant and any vertically-invariant essential properties detectable
by interval exchange transformations or by the real part of relative cohomology are
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“uncorrelated”, that is the equality:
(1.16) p(DZ ∩D′Z) = p(DZ) · p(D′Z)
is valid.
Fix some lattice subset DZ of square-tiled surfaces tiled with unit squares in
some linear GL(2,R)-invariant suborbifold defined over Q. Recall that DεZ denotes
the image of DZ under the action of the uniform contraction with the scaling factor
ε, namely
DεZ :=
(
ε 0
0 ε
)
DZ .
Theorem 1.19. Let Dh
Z
,Dv
Z
be a pair of essential lattice subsets in some linear
GL(2,R)-invariant suborbifold L defined over Q that are respectively Re-invariant
and Im-invariant. Denote by d the complex dimension of L. Let X be an open
subset in L. The number
N˜Dh,Dv(X, ε) = card{S ∈ DhεZ ∩ DvεZ ∩X}
asymptotically depends only on Dh
Z
,Dv
Z
and on the Masur–Veech measure ν(X):
(1.17) lim
ε→+0
ε2dN˜D(X,N) = c(D
h
Z
)
ν1(L1) ·
c(Dv
Z
)
ν1(L1) · ν(X) ,
where the constants c(Dh
Z
) and c(Dv
Z
) are defined in (1.1).
Equivalently, for any continuous function f : L → R, which is compactly sup-
ported or positive (or satisfies both of these properties) one has:
(1.18) lim
ε→+0
ε2d
∑
S∈Dh
εZ
∩Dv
εZ
∩X
f(S) =
c(Dh
Z
)
ν1(L1) ·
c(Dv
Z
)
ν1(L1) ·
∫
X
fdν.
This result which can be thought of as a refinement of Theorem 1.7 in the case
of Re and Im-invariant essential lattices also has an equivalent statement in terms
of the “unit hyperboloid” L1 as in Theorem 1.4.
In particular, the properties of a square-tiled surface in a given connected com-
ponent of a stratum of Abelian differentials to have certain fixed separatrix diagram
of the horizontal foliation and certain fixed separatrix diagram of the vertical fo-
liation, or to have i horizontal and j vertical maximal cylinders in the cylinder
decomposition are uncorrelated: in these situations equation (1.16) is valid.
Proof. The proof is similar to the one of Theorem 1.14.
It is enough to consider sets X of the form I × J where I and J are respectively
open sets in the natural product structure of L provided by Re(ω) and Im(ω). For
an open set X = I × J the quantity N˜Dh,Dv(X, ε) is exactly a product since being
in Dh
Z
(respectively in Dv
Z
) depends only on the coordinates in I (respectively in
J)):
N˜Dh,Dv(X, ε) =
N˜Dh(X, ε)
card(J ∩ DεZ) ×
N˜Dv(X, ε)
card(I ∩ DεZ)
where N˜Dh(X, ε) and N˜Dv(X, ε) are the same as in Theorem 1.7 and DZ is the
essential lattice of all square tiled surfaces. Now by Theorem 1.7 we have
εd
N˜Dh(X, ε)
card(J ∩DZ) →
c(Dh
Z
)ν(X)
ν1(L1) vol(J)
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as ε tends to 0 A similar formula holds for the other term in the product, and the
result follows from the fact that ν(X) = vol(I)× vol(J).

2. Contribution of 1-cylinder square-tiled surfaces to Masur–Veech
volumes
In this section we consider square-tiled surfaces and pillowcase covers represented
by a single maximal flat cylinder C filled by closed horizontal leaves and their
contributions to the Masur–Veech volumes of strata of Abelian differentials and of
meromorphic quadratic differentials with at most simple poles.
In section 2.1 we state the main results. Their proofs are postponed to sec-
tions 2.4 and 2.5. In section 2.2 we apply our results to strata of Abelian differ-
entials in large genus and discuss how they compare with the conjectures on the
large genus asymptotic behavior of Masur–Veech volumes and with recent results
of D. Chen, M. Mo¨ller and D. Zagier. In section 2.3 we describe the experimental
approach to the computation of Masur–Veech volumes unifying our equidistribution
and counting results.
We proceed in section 2.4 with a detailed discussion of relevant combinatorial
aspects and with a computation of the contribution of a single 1-cylinder separa-
trix diagram to the Masur–Veech volume of the ambient stratum proving Proposi-
tions 2.1 and 2.2.
In section 2.5 we count the number of 1-cylinder diagrams for strata of Abelian
differentials. Combining our count with the result of section 2.4 we derive very
sharp bounds (2.7) for the absolute contribution of 1-cylinder square-tiled surfaces
to the Masur–Veech volume claimed in Theorem 2.8. We also obtain exact closed
formulas for the absolute contributions of 1-cylinder square-tiled surfaces to the
Masur–Veech volumes of the minimal and principal strata stated in Corollary 2.4.
2.1. Contribution of 1-cylinder diagrams. The volume of a stratum consists
of contributions of 1-cylinder surfaces, 2-cylinder surfaces, etc.
VolH1(m1, . . . ,mr) = c1 + c2 + . . .
=
∑
realizable D
c(D) ,
where ci = ci(m1, . . . ,mr) is the contribution of the surfaces with i cylinders to the
volume, and c(D) = c(DZ) is the contribution of a realizable separatrix diagram D
for the stratum H(m1, . . . ,mr). The same decomposition holds for the strata of
quadratic differentials.
Proposition 2.1. The contribution of any 1-cylinder orientable separatrix dia-
gram D to the volume VolH1(m1, . . . ,mr) of the corresponding stratum of Abelian
differentials equals
(2.1) c(D) = 2|Γ(D)| ·
µ1! · µ2! · · ·
(d− 2)! · ζ(d) .
Here |Γ(D)| is the order of the symmetry group of the separatrix diagram D; µi
is the number of zeroes of order i, i.e. the multiplicity of the entry i in the set
{m1, . . . ,mr}; and d = dimCH(m1, . . . ,mr) = 2g + r − 1. Speaking of the volume
of the stratum we assume that the zeroes P1, . . . , Pr of the Abelian differentials are
numbered (labeled).
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For the case of quadratic differentials, consider a non-orientable measured folia-
tion on a closed surface such that all its regular leaves are closed and fill a single
flat cylinder. Cut the surface along all saddle connections to unwrap it into a cylin-
der. Every saddle connection is presented exactly two times on the boundary of
the resulting cylinder. Call any of the two boundary components of the cylinder
the “top” one and the complementary component — the “bottom” one. Denote by
l the number of saddle connections which are presented once on top and once on
the bottom; by m the number of saddle connections which are presented twice on
the top, and by n the number of saddle connections which are presented twice on
the bottom. It is immediate to see that if the original flat surface belongs to some
stratum Q(d1, . . . , dk) of meromorphic quadratic differentials with at most simple
poles, then l +m + n = d, where d = dimCQ(d1, . . . , dk) = 2g + k − 2. Since the
measured foliation is non orientable, both m and n are strictly positive.
In the rest of the paper, for quadratic differentials, we normalize the volume
using the first convention in §1.7, that is, as a lattice in H1−(Sˆ, {Pˆ1, . . . , Pˆk};C), we
choose the subset of those linear forms which, restricted on H−1 (Sˆ, {Pˆ1, . . . , Pˆk};Z),
take values in Z⊕ iZ.
Proposition 2.2. The contribution of any 1-cylinder non orientable separatrix
diagram D to the volume VolQ1(d1, . . . , dk) of the corresponding stratum of mero-
morphic quadratic differentials with at most simple poles equals:
(2.2) c(D) = 2
l+2
|Γ(D)| ·
(m+ n− 2)!
(m− 1)!(n− 1)! ·
µ−1! · µ1! · µ2! · · ·
(d− 2)! · ζ(d) .
Here |Γ(D)| is the order of the symmetry group of the separatrix diagram (ribbon
graph) D; µ−1 is the number of simple poles; µi is the number of zeroes of order i;
d = dimCQ(d1, . . . , dk) = 2g+k−2; m and n are the numbers of saddle connections
which are presented only on top (respectively, on bottom) boundary components of
the cylinder.
Defining the symmetry group Γ(D) we assume that none of the vertices, edges,
or boundary components of the ribbon graph D is labeled; however, we assume that
the orientation of the ribbons is fixed. Defining the volume VolQ1(d1, . . . , dk) we
assume that the zeroes and poles are numbered (labeled).
Propositions 2.1 and 2.2 are proved in section 2.4.
Following notation of §A.2 in [Zag2], denote by Stn = Cn/C the standard irre-
ducible representation of dimension n− 1 of the symmetric group Sn and define
χj(g) := tr(g, πj) πj := ∧j(Stn) (0 ≤ j ≤ n− 1) .
Theorem 2.3. The absolute contribution c1(m1, . . . ,mr) of all 1-cylinder ori-
entable separatrix diagrams Dα to the volume VolH1(m1, . . . ,mr) of the corre-
sponding stratum of Abelian differentials equals
(2.3) c1(m1, . . . ,mr) =
2
n!
·
∏
k
1
(k + 1)µk
·
n−1∑
j=0
j! (n− 1− j)!χj(ν) · ζ(n+ 1) .
Here n = (m1 + 1) + · · · + (mr + 1) = dimCH(m1, . . . ,mr) − 1; ν ∈ Sn is any
permutation which decomposes into cycles of lengths (m1 + 1), . . . , (mr + 1); µi
is the number of zeroes of order i, i.e. the multiplicity of the entry i in the set
{m1, . . . ,mr}. Speaking of the volume of the stratum we assume that the zeroes
P1, . . . , Pr of the Abelian differentials are numbered (labeled).
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Applying Theorem 2.3 to two particular strata, namely to the principal stratum
and to the minimal one, we get a close expression given by Corollary 2.4. For other
strata Theorem 2.8 below provides very good estimate (2.7) for c1(m1, . . . ,mr).
Corollary 2.4. The absolute contribution of all 1-cylinder orientable separatrix
diagrams to the volume VolH1(12g−2) of the principal stratum and to the volume
VolH1(2g − 2) of the minimal stratum of Abelian differentials equals
c1(1, . . . , 1︸ ︷︷ ︸
2g−2
) =
ζ(4g − 3)
4g − 2 ·
4
22g−2
(2.4)
c1(2g − 2) = ζ(2g)
2g
· 4
2g − 1(2.5)
Theorem 2.3 and Corollary 2.4 are proved in section 2.5.
Example 2.5. We recall in section A.3 that a square-tiled surface in the stratum
H(2) may have one of the two separatrix diagrams D1,D2 shown in Figure 5 (Ap-
pendix A). By Theorem 1.3 each separatrix diagram defines an essential lattice
subset. Square-tiled surfaces corresponding to separatrix diagrams D1,D2 have
one or two maximal cylinders filled with closed regular horizontal geodesics respec-
tively. Direct computations (A.8) and (A.9) reproduced from [Zor2] imply that the
constants c(Di) corresponding to the induced essential lattice subsets have values
(2.6) c(D1) = 2
3!
· ζ(4) c(D2) =
2
3!
· 5
4
· ζ(4) .
Note that the separatrix diagram D1 has symmetry of order 3, so |Γ(D1)| = 3!, and
the value c(D1) matches (2.1). We have :
VolH1(2) = c(D1) + c(D2) = 3
4
ζ(4) =
π4
120
.
Morally, Theorem 1.4 implies that a “random” Abelian differential with rational
periods in any open subset in H(2) would have single maximal horizontal cylin-
der filling the entire surface with probability 4/9 and two horizontal cylinders of
different perimeters filling together the entire surface with probability 5/9.
The next example shows that the values of similar proportions for more compli-
cated strata become much more elaborate.
Example 2.6. A square-tiled surface in the stratum H(3, 1) might have from 1 to
4 cylinders. Taking the sums of c(Dα) for 4 one-cylinder diagrams in the stratum
H(3, 1), 30 two-cylinder diagrams, 44 three-cylinder diagrams, and 10 four-cylinder
diagrams (here the numbers of oriented separatrix diagrams are given without any
weights), and computing the proportions, or probabilities
pi(H(3, 1)) = ci(3, 1)
VolH1(3, 1)
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we get (see [Zor2]):
p1(H(3, 1)) =
3 ζ(7)
16 ζ(6)
≈ 0.19 ,
p2(H(3, 1)) =
55 ζ(1, 6) + 29 ζ(2, 5) + 15 ζ(3, 4) + 8 ζ(4, 3) + 4 ζ(5, 2)
16 ζ(6)
≈ 0.47 ,
p3(H(3, 1)) =
1
32 ζ(6)
(
12 ζ(6)− 12 ζ(7) + 48 ζ(4) ζ(1, 2) + 48 ζ(3) ζ(1, 3)
+ 24 ζ(2) ζ(1, 4) + 6 ζ(1, 5)− 250 ζ(1, 6)− 6 ζ(3) ζ(2, 2)
− 5 ζ(2) ζ(2, 3) + 6 ζ(2, 4)− 52 ζ(2, 5) + 6 ζ(3, 3)− 82 ζ(3, 4)
+ 6 ζ(4, 2)− 54 ζ(4, 3) + 6 ζ(5, 2) + 120 ζ(1, 1, 5)− 30 ζ(1, 2, 4)
− 120 ζ(1, 3, 3)− 120 ζ(1, 4, 2)− 54 ζ(2, 1, 4)− 34 ζ(2, 2, 3)
− 29 ζ(2, 3, 2)− 88 ζ(3, 1, 3)− 34 ζ(3, 2, 2)− 48 ζ(4, 1, 2)
)
≈ 0.30 ,
p4(H(3, 1)) =
ζ(2)
8 ζ(6)
(
ζ(4)− ζ(5) + ζ(1, 3) + ζ(2, 2)− ζ(2, 3)− ζ(3, 2)
)
≈ 0.04 .
Note that for separatrix diagrams Dα with k > 1 cylinders, the contribution
c(Dα) of the diagram varies from diagram to diagram, and even in the example
above the contribution of an individual diagram is not necessarily reduced to a
polynomial in multiple zeta values with rational coefficients.
Question 2.7. Is it true that the total contribution of all k-cylinder separatrix
diagrams to the volume of any stratum of Abelian differentials is a polynomial in
multiple zeta values with rational (or even integer) coefficients?
2.2. Asymptotics in large genera. Theorem 2.3 combined with Theorem 2
in [Zag1] provides the following result which is proved in section 2.5.
Theorem 2.8. The absolute contribution c1(m1, . . . ,mr) of all 1-cylinder ori-
entable separatrix diagrams to the volume VolH1(m1, . . . ,mr) of any stratum of
Abelian differentials satisfies the following bounds
(2.7)
ζ(d)
d+ 1
· 4
(m1 + 1) . . . (mr + 1)
≤ c1(m1, . . . ,mr) ≤ ζ(d)
d− 1029
· 4
(m1 + 1) . . . (mr + 1)
,
where d = dimCH(m1, . . . ,mr).
To discuss the asymptotic behavior of the relative contribution p1(H(m1, . . . ,mr))
for the strata of large genera we need to recall the conjecture on asymptotics of vol-
umes of the connected components of the strata of Abelian differentials, see [EZor]
for details. Let m = (m1, . . . ,mr) be an unordered partition of an even number
2g − 2, i.e., let |m| = m1 + · · ·+mr = 2g − 2. Denote by Π2g−2 the set of all such
partitions.
24 V. DELECROIX, E´. GOUJARD, P. G. ZOGRAF, AND A. ZORICH
Conjecture 2.9 ([EZor, Main Conjecture 1]). For any m ∈ Π2g−2 one has
(2.8) VolH1(m1, . . . ,mr) =
4
(m1 + 1) · · · · · (mr + 1) · (1 + ε1(m)),
where
lim
g→∞ maxm∈Π2g−2
ε1(m) = 0.
Conditional Theorem 2.10. Denote by d = dimCH(m1, . . . ,mr) = 2g + r − 1
the dimension of the stratum H(m1, . . . ,mr) of Abelian differentials in genus g. Let
p1(H(m1, . . . ,mr)) be the relative contribution of 1-cylinder separatrix diagrams to
the volume of the stratum H(m1, . . . ,mr).
Conjecture 2.9 is equivalent to the following statement:
(2.9) d · p1(H(m1, . . . ,mr))→ 1 as g → +∞ ,
where the convergence is uniform for all strata in genus g.
This Theorem is a straightforward corollary of Theorem 2.8.
Note that for the principal stratum H(1, . . . , 1) Conjecture 2.9 was recently
proved by D. Chen, M. Mo¨ller, and D. Zagier [CMo¨Zag]. Thus, the Conditional The-
orem 2.10 becomes unconditional for the principal strata. Formula (2.4) combined
with the asymptotic expansion evaluated in Theorem 19.2 in [CMo¨Zag] provide the
following statement.
Theorem 2.11. The relative contribution p1(H(12g−2)) of 1-cylinder separatrix
diagrams to the volume of the principal stratum of Abelian differentials H(12g−2))
in genus g satisfies the following asymptotic formula:
(2.10) (4g − 3) · p1(H(1, . . . , 1︸ ︷︷ ︸
2g−2
)) = 1 +
π2 − 6
24g
+ o
(
1
g
)
as g → +∞ .
It would be very interesting to find an argument proving asymptotics (2.9) for
p1(H) directly, and thus prove the conjectural asymptotic formula (2.8) for the
volumes of all strata.
Recall that some strata are not connected. However, all the above results can
be easily generalized to connected components. We start with the hyperelliptic
connected components Hhyp(2g− 2) and Hhyp(g − 1, g− 1), which are always very
special and do not fit the general picture. The situation is particularly simple with
them. The results in [AEZor2] provide a simple closed formula for the volume
of these components. These volumes are completely negligible with respect to
conjectural volume (2.8) of the entire strata. On the other hand, each hyperelliptic
component has a unique 1-cylinder separatrix diagram D, which has the cyclic
symmetry group Γ(D) of order d − 1 (see Proposition 5 in [Zor4]). Thus, the
contribution c1 of all 1-cylinder diagrams is basically given by Proposition 2.1.
Proposition 2.12. The relative contribution p1 of 1-cylinder separatrix diagrams
to the volumes of the hyperelliptic components is given by the following expressions:
p1(Hhyp1 (2g − 2)) =
ζ(2g)
π2g
· 2g(2g + 1) · (2g − 2)!!
(2g − 3)!! ∼ 4 ·
g5/2
π2g−1/2
.
p1(Hhyp1 (g − 1, g − 1)) =
ζ(2g + 1)
2π2g
· (2g + 1)(2g + 2) · (2g − 1)!!
(2g − 2)!! ∼ 4 ·
g5/2
π2g+1/2
.
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Proposition 2.12 shows that the resulting relative contribution p1 of 1-cylinder
separatrix diagrams to the volumes of the hyperelliptic components is completely
negligible with respect to (2.9). It is proved in the end of section 2.5.
It remains to consider nonhyperelliptic components Heven(2m1, . . . , 2mr) and
Hodd(2m1, . . . , 2mr). Recall another conjecture from [EZor]:
Conjecture 2.13 ([EZor, Conjecture 2]). The ratio of volumes of even and odd
components of strata H(2m1, . . . , 2mr) tends to 1 uniformly for all partitions m1+
· · ·+mr = g − 1 as genus g tends to infinity, i. e.
lim
g→+∞
VolHeven(2m1, . . . , 2mr)
VolHodd(2m1, . . . , 2mr) = 1
uniformly in m1, . . . ,mr.
By the result in [D, Theorem 4.19], the ratio of the weighted numbers of 1-
cylinder separatrix diagrams in the connected components Heven1 (2m1, . . . , 2mr)
and Hodd1 (2m1, . . . , 2mr) also tends to 1 uniformly for all partitionsm1+ · · ·+mr =
g − 1 as genus g tends to infinity. Thus, we obtain the following statement.
Conditional Corollary 2.14. Conjecture 2.13 and Conjecture 2.9 restricted to the
strata with zeroes of even degrees are together equivalent to the following statement:
for any partition (m1, . . . ,mr) of g − 1 into a sum of strictly positive integers
m1 + · · ·+mr = g − 1 one has
d · p1(Heven(2m1, . . . , 2mr))→ 1 as g → +∞
d · p1(Hodd(2m1, . . . , 2mr))→ 1 as g → +∞ ,
where d = 2m1 + · · · + 2mr + r + 1 and convergence is uniform for all strata in
genus g.
Since we do not want to overload the current paper, the questions concerning the
asymptotic proportions pk(H(m1, . . . ,mr)) of k-cylinder diagrams for k = 2, 3, . . .
for strata of high genera will be address in a separate paper. In this forthcoming
paper we will treat, in particular, the question of the dependence of pk on the genus
and the dimension of the stratum, and the question of the limit distribution of pk
with respect to all possible k for strata of large genera.
2.3. Application: experimental evaluation of the Masur–Veech volumes.
Let Hcomp (respectively, Qcomp) be a component of a stratum of Abelian differen-
tials (respectively, a component of a stratum of meromorphic quadratic differentials
with at most simple poles). We first present a Monte-Carlo method to approximate
p1(Hcomp) (respectively p1(Qcomp)). Pick a random trajectory of the generalized
Rauzy induction in the space of interval exchange transformations (respectively, in
the space of linear involutions). Stop at a random time, and take a small box Π
around the endpoint of the trajectory. Then collect the statistics of frequency of
those interval exchange transformations whose suspensions are filled with a single
vertical cylinder. By Theorem 1.14 and Corollary 1.15 (respectively Remark 1.16),
this frequency gives an approximation of the relative contribution p1(Hcomp) (re-
spectively p1(Qcomp)) of 1-cylinder diagrams to the volume of the chosen component
of the stratum.
Now, one can perform an exact count of the weighted number of 1-cylinder
separatrix diagrams (where the weight is reciprocal to the order of the symmetry
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group of the diagram). Applying Proposition 2.1 (respectively, Proposition 2.2) we
obtain the exact value c1(Hcomp) (respectively c1(Qcomp)) of the contribution of
1-cylinder diagrams to the volume. Since, we already know approximately, what
part of the total value makes the resulting volume, we obtain an approximate value
of the volume of the ambient stratum. The experimental and theoretical values of
the volumes of low dimensional strata of quadratic differentials are compared in
Appendix C.
2.4. Contribution of a single 1-cylinder separatrix diagram: computation.
Consider Jenkins–Strebel differentials represented by a single flat cylinder C filled
by closed horizontal leaves. Note that all zeroes and poles (critical points of the
horizontal foliation) of such differential are located on the boundary of this cylinder.
X1
X1
X3 X0
X2 X3
X2
X1 X1
X2 X3 X2 X3
X0 X0
X1
X2
X3
Figure 2. A Jenkins–Strebel differential with a single cylinder,
one of its parallelogram patterns, and its ribbon graph representa-
tion. We have l = 0,m = 1, n = 2. The stratum is Q(2,−12).
Each of the two boundary components ∂C+ and ∂C− of the cylinder is subdi-
vided into a collection of horizontal saddle connections ∂C+ = Xα1 ⊔ · · · ⊔ Xαr
and ∂C− = Xαr+1 ⊔ · · · ⊔Xαs . The subintervals are naturally organized in pairs of
equal length; subintervals in every pair are identified by a natural isometry which
preserves the orientation of the surface. Denoting both subintervals in the pair
representing the same saddle connection by the same symbol, we encode the com-
binatorics of identification of the boundaries of the cylinder by two lines of symbols,
(2.11)
✲✝
✞ ☎
✆
✲✞
✝ ✆
☎
α1 . . . αr
αr+1 . . . . . . αs
where the symbols in each line are organized in a cyclic order.
Choice of cyclic ordering. There are two alternative conventions on the choice
of this cyclic order. Note that our surface is oriented (and not only orientable).
Hence, this orientation induces a natural orientation of each of ∂C+ and of ∂C−
which defines a cyclic order on the symbols labeling the segments.
Note also that if we have an Abelian differential, its horizontal foliation is ori-
ented. The corresponding orientation of leaves defines the same cyclic order as the
previous one on one boundary component of the cylinder and the opposite cyclic
order on the other boundary component of the cylinder.
For quadratic differentials the foliation is nonorientable. However, for a Jenkins–
Strebel differential we can coherently choose the orientation of all regular leaves in
the interior of each maximal cylinder, and it induces the cyclic order of symbols
labeling the segments on ∂C+ and ∂C−. Similarly to the case of Abelian differen-
tials, this cyclic ordering coincides with the one induced by the orientation of the
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surface on one of the two components ∂C+, ∂C− and provides the opposite cyclic
ordering on the other component.
In (2.11) we use the cyclic ordering coming from the orientation of the foliation
and not from the orientation of the surface.
Abelian versus quadratic differentials. By construction, every symbol appears
exactly twice in two lines (2.11). If all the symbols in each line are distinct, the
resulting flat surface has trivial linear holonomy and corresponds to an Abelian
differential. In this case every interval on one side of the cylinder is identified with
and interval on the other side and vice versa, so there are no relations between the
lengths of the intervals. In other words, any orientable separatrix diagram having
only two boundary components is realizable.
Otherwise, a flat metric of the resulting closed surface has holonomy group Z/2Z;
in the latter case it corresponds to a meromorphic quadratic differential with at
most simple poles. In this case there is a linear relation between the lengths of the
intervals: the sum of lengths of all intervals on one side of the cylinder is equal
to the sum of lengths of all intervals on the other side. This implies the following
combinatorial restriction: the set of symbols in one line cannot be a proper subset
of the set of symbols on the complimentary line. This condition is a necessary
and sufficient condition of realizability for a non-orientable separatrix diagram. For
example, the following combinatorial data
✲✝
✞ ☎
✆
✲✞
✝ ✆
☎
1 2 3
3 4 1 2 4
do not admit any strictly positive solution for the lengths of subintervals, while
✲✝
✞ ☎
✆
✲✞
✝ ✆
☎
5 1 2 3 5
3 4 1 2 4
admits strictly positive solutions satisfying the relation ℓ4 = ℓ5.
Contribution of each individual 1-cylinder separatrix diagram. Now ever-
thing is ready for the proofs of Propositions 2.1 and 2.2.
Proof of Proposition 2.1. An orientable 1-cylinder separatrix diagram D represent-
ing a stratum of Abelian differentials of complex dimension d has d− 1 separatrices
(horizontal saddle connections). Denote the length of the i-th separatrix by ℓi. The
perimeter w of the cylinder is equal to the sum of the lengths of all separatrices,
namely w = ℓ1 + ℓ2 + · · · + ℓd−1. Denote by h the height of the cylinder. Finally,
denote by φ the “twist”, where 0 ≤ φ < w. The number of square-tiled surfaces
tiled with at most N unit squares and having D as the separatrix diagram equals
1
|Γ(D)|
∑
ℓ1,...,ℓd−1,h∈N
w=ℓ1+···+ℓd−1
w·h≤N
w ≈ 1|Γ(D)|
∑
w,h∈N
w·h≤N
w· w
d−2
(d− 2)! =
1
|Γ(D)|
1
(d− 2)!
∑
w,h∈N
w≤N
h
wd−1 ≈
≈ 1|Γ(D)|
1
(d− 2)!
∑
h∈N
1
d
·
(
N
h
)d
=
1
|Γ(D)|
Nd
(d− 2)!
1
d
·
∑
h∈N
1
hd
=
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=
1
|Γ(D)|
1
d
· N
d
(d− 2)! · ζ(d) ,
(compare to (A.8)). By equation (A.6) the contribution of any such term to the
volume VolH1(m1, . . . ,mr) of the stratum with unnumbered zeroes is computed
evaluating the derivative 2
d
dN
∣∣∣∣∣
N=1
. Thus, the contribution of the 1-cylinder sepa-
ratrix diagram D to the volume of the ambiant stratum is
1
|Γ(D)| ·
2
(d− 2)! · ζ(d) .
Representing the set {m1, . . . ,mr} as {1µ1 , 2µ2 , . . . } we get the following formula
for the contribution of an individual rooted diagram to the volume VolHnumbered1 (m1, . . . ,mr)
of the stratum with numbered zeroes:
2
|Γ(D)| ·
µ1! · µ2! · · ·
(d− 2)! · ζ(d) .
which completes the proof of Proposition 2.1. 
Proof of Proposition 2.2. The evaluation of the contribution of an 1-cylinder dia-
gram to the volume of a stratum of quadratic differentials is analogous. The only
difference is that it gets an extra weight depending on the additional discrete pa-
rameters l,m, n of the diagram.
Consider a nonorientable 1-cylinder separatrix diagram. Each separatrix (i.e.
each horizontal saddle connection) is represented by two intervals on the boundary
of the cylinder. One may have one interval on each of the two boundary components,
both intervals on the “top” boundary component of the cylinder, or both on the
“bottom” boundary component. Recall that we denote the number of corresponding
saddle connections by l,m, n correspondingly.
We start with a more general situation when l > 0. Introduce the following
notation:
w1 := ℓi1 + · · ·+ ℓil
w2 := 2(ℓj1 + · · ·+ ℓjm) = 2(ℓk1 + · · ·+ ℓkn) ,
where by ℓis , s = 1, . . . , l we denote the lengths of the segments which are present
on the both sides of the cylinder, by ℓjs , s = 1, . . . ,m we denote the lengths of the
segments which are present only on top of the cylinder, and by ℓks , k = 1, . . . , n
we denote the lengths of the segments which are present only on the bottom of the
cylinder. For example, on Figure 2 the segment X1 is present only on the top, the
segments X2, X3 — only on the bottom, and there are no other segments, so we
have l = 0,m = 1, n = 2.
In this notation the length w of the waist curve (perimeter) of the cylinder is
equal to w = w1 + w2. When l > 0 (that is when the boundary components of
the cylinder share at least one common interval) the waist curve γ of the cylinder
is not homologous to zero. Under our assumptions on the normalization (see Con-
vention 1.17 for details) the lengths ℓs of all subintervals are half-integers, w1 is a
half-integer, w2 is automatically an integer, and w is a half-integer.
The leading term in the number of ways to represent w1 as a sum of l half-integers
w1 = ℓi1 + · · ·+ ℓil
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is
2l−1
wl−11
(l − 1)! .
The leading term in the number of ways to represent w2 as a sum ofm (respectively
n) integers
w2 = 2ℓj1 + · · ·+ 2ℓjm = 2ℓk1 + · · ·+ 2ℓkn
is
wm−12
(m− 1)!
(
respectively
wn−12
(n− 1)!
)
.
Denote by h the half-integer height of our single cylinder and introduce the
integer parameter H = 2h. The condition w · h ≤ N/2 on the area of the surface
translates as w · H ≤ N in terms of the parameter H . Thus, introducing the
notation W := 2w, we can represent the leading term in the corresponding sum as
∑
w∈ 1
2
N
H∈N
w·H≤N
∑
w2∈N
w2<w
2w · 2l−1 (w − w2)
l−1
(l − 1)! ·
wm−12
(m− 1)! ·
wn−12
(n− 1)! =
=
2l−1
(l − 1)!(m− 1)!(n− 1)!
∑
W,H∈N
W ·H≤2N
W
⌊W/2⌋∑
w2=1
(W/2 − w2)l−1wm+n−22 ∼
∼ 2
l−1
(l − 1)!(m− 1)!(n− 1)! ·
∑
H∈N
⌊2N/H⌋∑
W=1
W ·
(
W
2
)l+m+n−2
·
∫ 1
0
(1−u)l−1um+n−2 du
∼ 2
l−1
(l − 1)!(m− 1)!(n− 1)! ·
(l − 1)!(m+ n− 2)!
(l +m+ n− 2)! ·
· 1
2l+m+n−2
·
∑
H∈N
1
l +m+ n
·
(
2N
H
)l+m+n
=
2l+1(m+ n− 2)!
(m− 1)!(n− 1)!(l +m+ n− 2)! ·
N l+m+n
l +m+ n
· ζ(l +m+ n) .
where we used the relation∫ 1
0
ua(1− u)b du = a! b!
(a+ b+ 1)!
.
Taking the derivative 2 · d
dN
∣∣∣∣∣
N=1
we get the following contribution to the volume
of the corresponding stratum with anonymous (non-numbered) zeroes and poles:
2l+2(m+ n− 2)!
(m− 1)!(n− 1)!(l +m+ n− 2)! · ζ(l +m+ n)
Multiplying the result by the product of factorials responsible for numbering the
zeroes and poles, we get the desired formula (2.2).
In the remaining particular case when l = 0 (that is, when the boundary com-
ponents of the cylinder do not share a single common saddle connection) the waist
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curve γ of the cylinder is homologous to zero, while γˆ is not. Under our assump-
tions on the normalization, the lengths ℓs of all subintervals are half-integers, and
w = w2 is automatically an integer, as it should be. Performing a completely
analogous computation we get a particular case of formula (2.2) where l = 0. 
2.5. Counting 1-cylinder diagrams for strata of Abelian differentials based
on Frobenius formula and Zagier bounds. Enumeration of orientable 1-cylinder
separatrix diagrams through Frobenius formula was elaborated in [D]. Consider
some stratum of Abelian differentials H(m1, . . . ,mr). Let
(2.12) n =
r∑
i=1
(mi + 1) = 2g − 2 + r = dimCH(m1, . . . ,mr)− 1 .
Denote by C(ψ) the conjugacy class of a permutation ψ in the symmetric group
Sn; denote by C(σ) the conjugacy class of the cyclic permutation σ = (1, 2, . . . , n)
in Sn. Finally, denote by C(ν) the conjugacy class of the product of r cycles of
lengths (m1 + 1, . . . ,mr + 1).
Following [Zag2] denote by N (Sn;C(σ), C(σ), C(ν)) the number of solutions of
the equation c1c2c3 = 1, where the permutations c1 and c2 belong to the conjugacy
class C(σ) and the permutation c3 belongs to the conjugacy class C(ν):
(2.13) N (Sn;C(σ), C(σ), C(ν)) =
= #{(c1, c2, c3) ∈ C(σ) × C(σ)× C(ν) | c1c2c3 = 1} .
Every such solution defines a 1-cylinder separatrix diagram corresponding to
the stratum H(m1, . . . ,mr). Indeed, consider a horizontal cylinder S1 × [0; 1] such
that each of its boundary components is subdivided into n segments. Choose the
orientation of the boundary components induced by the orientation of the circle
S1 (on one of the two components it differs from the orientation induced from the
orientation on the cylinder) and assign labels from 1 to n to the subintervals of one
boundary component in such a way that they appear in the cyclic order c1, and
assign labels to the remaining boundary component in such a way that they appear
in the cyclic order c−12 . Cut the cylinder along the horizontal waist curve and
identify pairs of subintervals on the boundary components carrying the same labels
respecting the orientation induced from S1. Consider the 1-cylinder separatrix
diagram D represented by the resulting ribbon graph. The relation c1 · c2 = c−13 ,
where c3 ∈ C(ν), guarantees that D corresponds to the stratum H(m1, . . . ,mr).
Example 2.15. (See [Zor4] for details.) Consider the pair of cyclic permutations
c1 = (1, 2, 3, 4, 5, 6, 7, 8) and c2 = (4, 3, 2, 5, 8, 7, 6, 1) in S8. The two boundary
components of the corresponding horizontal cylinder get the following labeling:
(2.14)
✲✝
✞ ☎
✆
✲✞
✝ ✆
☎
1→ 2→ 3→ 4→ 5→ 6→ 7→ 8
4→ 3→ 2→ 5→ 8→ 7→ 6→ 1
The corresponding translation surface is represented in Figure 3 in two different
ways: as a cylinder (rather a parallelogram) with pairs of corresponding sides iden-
tified by parallel translations and as a ribbon graph (separatrix diagram). The core
of the corresponding ribbon graph has four vertices of valence four representing four
conical singularities of angles 4π, or, equivalently, four simple zeroes of the resulting
Abelian differential. Each edge of the ribbon graph represents a horizontal saddle
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connection (separatrix). Turning around zeroes in a counterclockwise direction, see
Figure 3, we see the incoming horizontal separatrix rays appear in the cyclic orders
given by the cyclic decomposition of c1 · c−12 , namely
c1 · c−12 = (1, 3)(2, 4)(5, 7)(6, 8)
X1
X2
X3
X4
X5
X6
X7
X8
X1
1 2 3 4 5 6 7 8
4 3 2 5 8 7 6 1
0
0
Figure 3. The ribbon graph representation of a Jenkins–Strebel
differential with a single cylinder (top picture) versus the cylinder
representation (bottom picture). All vertices marked with the same
symbols are identified to a single conical singularity.
It is clear that a simultaneous conjugation of permutations c1, c2, c3 by the same
permutation does not change the 1-cylinder diagram. In particular, we can choose
c1 = σ. Note also, that our diagrams do not have any distinguished (marked)
intervals. We have |C(σ)| = (n − 1)! for cardinality of C(σ), and we have n ways
to attribute index 1 to one of the intervals at the bottom. Thus, we have proved
the following Lemma from [D]:
Lemma 2.16. The weighted number N1(m1, . . . ,mr) of 1-cylinder diagrams D for
a given stratum H(m1, . . . ,mr), where the weight is the inverse of the order of the
group of symmetries, is expressed as
(2.15) N1(m1, . . . ,mr) =
∑
One-cylinder
diagrams D
in the stratum
H(m1,...,mr)
1
|Γ(D)| =
1
n!
· N (Sn;C(σ), C(σ), C(ν))
Now we are ready to prove Theorem 2.8.
Proof of Theorem 2.8. Following [Zag1] denote by R(ψ) the number of ways to
represent an even permutation ψ in Sn as a product of two n-cycles. Clearly,
(2.16) N (Sn;C(σ), C(σ), C(ψ) = R(π) · |C(ψ)| .
From now on choose any ψ ∈ C(ν), where C(ν) is the conjugacy class of the product
of r cycles of lengths m1 + 1, . . . ,mr + 1 respectively. The cardinality of C(ψ) is
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given by
(2.17) |C(ψ)| = |C(ν)| = n! ·
∏
k
1
µk!(k + 1)µk
,
where µk is the multiplicity of the entry k = 1, 2, . . . in (m1, . . . ,mr).
Denote by c(m1, . . . ,mr) the absolute contribution of all 1-cylinder diagrams to
the volume VolH1(m1, . . . ,mr) as in equation (2.7) from Theorem 2.8. Recall that
d = dimH(m1, . . . ,mr) = n+ 1.
Nesting (2.17) in (2.16) in (2.15) and combining it with the formula (2.1) from
Proposition 2.1 for the contribution of an individual 1-cylinder diagram to the
volume we get
c(m1, . . . ,mr) =
1
n!
·
(
n! ·
∏
k
1
µk!(k + 1)µk
)
·R(ψ) · µ1! · µ2! · · ·
(n− 1)! · 2ζ(n+ 1) =
=
R(ψ)
(n− 1)! ·
2ζ(n+ 1)
(m1 + 1) · · · · · (mr + 1) .
By Theorem 2 in [Zag1] the following universal bounds are valid:
2(n− 1)!
n+ 2
≤ R(ψ) ≤ 2(n− 1)!
n+ 1929
.
Plugging these bounds in the latter expression for c(m1, . . . ,mr) in terms of R(ψ)
and returning to notation d = n+1 we obtain the bounds (2.7) from Theorem 2.8.

Frobenius formula. We now apply Frobenius formula to prove Theorem 2.3
and then we evaluate explicitly the contribution of all 1-cylinder diagrams to the
volume of the ambient stratum for the minimal stratum H(2g − 2) and for the
principal stratum H(1, . . . , 1), and thus prove Corollary 2.4. Note that for g > 3
the stratum H(2g − 2) contains three connected components. Contribution of all
1-cylinder diagrams to individual components is described in Proposition 2.12 and
in the Conditional Corollary 2.14.
Proof of Theorem 2.3. Applying Frobenius formula in the notation of (A.8) in [Zag2],
we express the quantity (2.13) as a sum over characters χ of the symmetric group
Sn:
(2.18) N (Sn;C(σ), C(σ), C(ν)) =
=
|C(σ)| · |C(σ)| · |C(ν)|
|Sn|
∑
χ
χ(C(σ))χ(C(σ))χ(C(ν))
χ(1)3−2
.
In our particular case the cardinality of the conjugacy class of the long cycle σ is
|C(σ)| = (n− 1)! and |Sn| = n!.
Following the notation of §A.2 in [Zag2], denote by Stn = Cn/C the standard
irreducible representation of dimension n− 1 of the group Sn and put
χj(g) := tr(g, πj) πj := ∧j(Stn) (0 ≤ j ≤ n− 1) ,
where g ∈ Sn is any permutation. It is known that the representations πj are
irreducible and pairwise distinct for 0 ≤ j ≤ n − 1 (Lemma A.2.1 in [Zag2]).
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Moreover, by Lemma A.2.2 in [Zag2] for any irreducible representation π one has
χπ(σ) =
{
(−1)j , if π ≃ πr for some j, 0 ≤ j ≤ n− 1
0 otherwise ,
where σ = (1, 2, . . . , n) is the maximal cycle in Sn.
Finally, χj(1) = dimπj =
(
n−1
j
)
.
Substituting all these values in the Frobenius formula we can rewrite (2.18) as
(2.19) N (Sn;C(σ), C(σ), C(ν)) =
(n− 1)! · (n− 1)! · |C(ν)|
n!
·
·
n−1∑
j=0
(−1)j · (−1)j · χj(C(ν)) · j!(n− 1− j)!
(n− 1)! =
=
|C(ν)|
n
·
n−1∑
j=0
j! (n− 1− j)! · χj(C(ν))
Plugging the expression (2.19) into (2.15) and applying (2.1) we complete the proof
of Theorem 2.3. 
The latter formula becomes particularly simple in the case of the minimal stra-
tum H(2g − 2) when C(ν) = C(σ) and in the case of the principal stratum
H(1, . . . , 1) when the cyclic decomposition of ν is composed of 2g − 2 cycles of
length 2.
Proof of Corollary 2.4 for the minimal stratum H(2g − 2). In the case of the min-
imal stratum we get
(2.20) N (Sn;C(σ), C(σ), C(σ)) =
(n− 1)!
n
·
n−1∑
j=0
(−1)jj! (n− 1− j)! .
Using the combinatorial identity
m∑
k=0
(−1)k(
x
k
) = x+ 1
x+ 2
(
1 +
(−1)m(
x+1
m+1
) )
(see (2.1) in [Gd]) we can simplify (2.20) as
(2.21) N (Sn;C(σ), C(σ), C(σ)) =
2 ·
(
(n− 1)!)2
n+ 1
for odd n
0 for even n
Plugging the expression (2.21) into (2.15) and applying (2.1) we complete the proof
of formula (2.5). 
The Lemma below will be used in the proof of Corollary 2.4.
Lemma 2.17. The following identity is valid
(2.22)
m∑
k=0
(−1)k
( (
m
k
)(
2m+1
2k
) − (mk )(2m+1
2k+1
)) = {0 , when m is even
2 · m+1m+2 , when m is odd .
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Proof. We use the following combinatorial identities (see (4.22) and (4.23): in [Gd])
S(m) :=
m∑
k=0
(−1)k
(
m
k
)(
2m
2k
) = 1+ (−1)m
2
· 2m+ 1
m+ 1
T (m) :=
m∑
k=0
(−1)k
(
m
k
)(
2m+1
2k+1
) = 1− (−1)m
2
· 1
m+ 2
+ (−1)m .
The second term in the sum (2.22) is exactly T (m), while the first one can be
expressed in terms of S(m) and T (m) as follows:
m∑
k=0
(−1)k
(
m
k
)(
2m+1
2k
) = m∑
k=0
(−1)k
(
m
k
)(
2m
2k
) · 2m+ 1− 2k
2m+ 1
=
=
m∑
k=0
(−1)k
(
m
k
)(
2m
2k
) ·(2m+ 2
2m+ 1
− 2k + 1
2m+ 1
)
=
=
2m+ 2
2m+ 1
·
m∑
k=0
(−1)k
(
m
k
)(
2m
2k
) − m∑
k=0
(−1)k
(
m
k
)(
2m+1
2k+1
) =
=
2m+ 2
2m+ 1
· S(m)− T (m) .
Plugging the values of S(m) and of T (m) into the above expression we complete
the proof of the combinatorial identity (2.22). 
Proof of Corollary 2.4 for the principal stratum H(1, . . . , 1). In the case of the prin-
cipal stratum we have C(ν) = C(τ), where
τ = (1, 2)(3, 4) . . . (n− 1, n) and n = 4g − 4
(see equation (2.12) for the formula for n). One has
χj(τ) = (−1)[(j+1)/2]
(
n/2− 1
[j/2]
)
(see the formula below (A.26) in [Zag2]). Finally, it is easy to see directly that
|C(τ)| = (n− 1)!!. Thus, we can rewrite (2.19) in this particular case as
N (Sn;C(σ), C(σ), C(τ)) =
=
(n− 1)!!
n
·
n−1∑
j=0
j! (n− 1− j)! · (−1)[ j+12 ]
(
n
2 − 1[
j
2
] ) =
=
(n− 1)!!
n
· (n− 1)!
n−1∑
j=0
(−1)[ j+12 ] ·
(
n
2 − 1[
j
2
] )(
n−1
j
) .
Denoting m = n2 − 1, we rewrite the above sum as
n−1∑
j=0
(−1)[ j+12 ] ·
(
n
2 − 1[
j
2
] )(
n−1
j
) = m∑
k=0
(−1)k
( (
m
k
)(
2m+1
2k
) − (mk )(2m+1
2k+1
))
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Recall that n = 4g − 4, so m = 2g − 3 is odd. Applying formula (2.22) we obtain
N (Sn;C(σ), C(σ), C(τ)) =
(n− 1)!!
n
· (n− 1)! ·
(
2 · m+ 1
m+ 2
)
.
Thus, the weighted number N (1, . . . , 1) of 1-cylinder diagrams (see (2.15)) for the
principal stratum H(1, . . . , 1) in genus g, when n = 4g − 4 equals
N (1, . . . , 1) = 1
n!
· N (Sn;C(σ), C(σ), C(τ)) =
=
1
(4g − 4)! ·
(4g − 5)!!
(4g − 4) · (4g − 5)!
(
2 · 2g − 2
2g − 1
)
=
=
(4g − 5)!!
(4g − 4)(2g − 1) =
(4g − 5)!
(2g − 1)! · 2
−(2g−2) .
Applying (2.1) we complete the proof of formula (2.4). 
We complete this section with the proof of Proposition 2.12.
Proof of Proposition 2.12. The results in [AEZor2] provide the exact values for the
hyperelliptic connected components (and, more generally, for all hyperelliptic loci),
namely:
VolHhyp1 (2g − 2) =
2π2g
(2g + 1)!
· (2g − 3)!!
(2g − 2)!! ∼
1
π2g
(
πe
2g + 1
)2g+1
.(2.23)
VolHhyp1 (g − 1, g − 1) =
4π2g
(2g + 2)!
· (2g − 2)!!
(2g − 1)!! ∼
1
π2g
(
πe
2g + 2
)2g+2
.(2.24)
There is a single 1-cylinder separatrix diagram for any hyperelliptic connected
component Hhyp(2g − 2) or Hhyp(g − 1, g − 1). Proposition 2.1 provides the con-
tribution of this diagram to the volume. Taking the ratio of the resulting expres-
sions (2.1) and (2.23) we obtain the expressions claimed in Proposition 2.12. 
3. Alternative counting of 1-cylinder separatrix diagrams
In this section we suggest two alternative methods of counting 1-cylinder separa-
trix diagrams. The first one, elaborated in section 3.1, is based on recursive relations
for the numbers of such diagrams. The second method, presented in section 3.2,
uses Rauzy diagrams and admits simple computer realization for low-dimensional
strata.
3.1. Approach based on recursive relations. Here we explicitly enumerate 1-
cylinder separatrix diagrams that give rise to Abelian differentials (orientable case)
or to quadratic differentials (nonorientable case) with 0, 1 or 2 saddle connections
shared between the two boundary components of the cylinder.
Strata of Abelian differentials. We start with the case of orientable separa-
trix diagrams; they represent strata of Abelian differentials. Take a cylinder whose
boundary components are two identical copies of an n-gon with a marked side.
Choose an orientation of the cylinder and consider the induced orientation on its
boundary components. Consider a gluing that identifies the sides of one boundary
polygon with the sides of the other reversing their orientation and respecting the
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marked sides. We get a closed orientable surface with a connected graph Γ (the im-
age of the cylinder boundary components) embedded into it. All vertices of Γ have
even degree, and we denote by vi the number of vertices of Γ of degree 2i. Clearly,
n =
∑
i≥1 ivi, and we call [1
v12v2 . . . ] the type of the cylinder gluing. The associ-
ated 1-cylinder separatrix diagram corresponds to the stratum H(0v1 , 1v2 , 2v3 , . . . ),
and the complex dimension of this stratum is n+ 1.
Let us now fix a partition ν = [1v12v2 . . . ] of n and denote by Nn(ν) the number
of cylinder gluings of type ν described above. Consider the generating functions
Fn(t1, t2, . . . ) =
∑
ν ⊢n
Nn(ν) t
v1
1 t
v2
2 . . . ,
F (s; t1, t2, . . . ) =
∑
n≥1
sn−1 Fn(t1, t2, . . . ) .
Theorem 3.1. Put
M1 =
∞∑
i=2
i−1∑
j=1
(i− 1)tjti−j ∂
∂ti−1
+ j(i− j)ti+1 ∂
2
∂tj∂ti−j
.(3.1)
Then the generating function F = F (s; t1, t2, . . . ) satisfies the linear PDE
∂F
∂s
=M1F(3.2)
and is uniquely determined by the initial condition F |s=0 = t1. Equivalently, the
generating function F is explicitly given by the formula
F (s; t1, t2, . . . ) = e
sM1t1 .(3.3)
Proof. First, rewrite (3.2) as a recursion for the numbers Nn(ν). Denote by ei the
sequence with 1 at the i-th place and 0 elsewhere. Then (3.2) is equivalent to
(n− 1)Nn(ν) =
=
∞∑
i=2
i−1∑
j=1
(i − 1)(vi−1 + 1− δj,1 − δi−j,1)Nn(ν − ej − ei−j + ei−1)+
+
∞∑
i=2
i−1∑
j=1
j(i− j)(vj + 1)(vi−j + 1 + δj,i−j)Nn(ν + ej + ei−j − ei−1) .(3.4)
We prove it by establishing a direct bijection between cylinder gluings counted in
the left and right hand sides of (3.4). Consider the ribbon graph Γ∗ dual to Γ. It
has 2 vertices (each of degree n) and n edges connecting these two vertices (one of
these edges is marked). Let us pick a non-marked edge in Γ∗, this can be done in
(n − 1) ways giving the l.h.s. in (3.4). Deletion of this edge results in one of the
following two possibilities:
i) The edge belongs to two different boundary cycles of Γ∗ of lengths 2j and
2(i−j). The edge deletion gives rise to one boundary cycle of length 2(i−1)
and the graph type changes to ν − ej − ei−j + ei−1.
ii) One boundary cycle of length 2(i+1) traverses the edge twice (once in each
direction). After the edge deletion the boundary cycle splits into two ones
of lengths 2i and 2(i−j) and the graph type changes to ν+ej+ei−j−ei+1.
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Counting the number of ways that each case can occur we get the first and the
second sums in (3.4) respectively.
To show that the generating function F is uniquely determined by the initial
condition F |s=0 = t1, we first notice that F1 = t1 (for n = 1 there is only one
1-cylinder configuration). The equation (3.2) recursively expresses Fn in terms of
Fn−1 as follows:
(n− 1)Fn =M1Fn−1 .(3.5)
Explicit formula F = esM1t1 is just another way of writing the same thing. 
Remark 3.2. The numbers Nn(ν) giving the rooted count of 1-cylinder configura-
tions and the numbers N (0v1 , 1v2 , 2v3 , . . . ), see (2.15), giving the weighted count of
1-cylinder diagrams in H(0v1 , 1v2 , 2v3 , . . . ) with weights 1/|Aut(Γ)| are related by
the simple formula
(3.6) N (0v1 , 1v2 , 2v3 , . . . ) = 1
n
·Nn(ν) .
Example 3.3. Consider the generating functions for small values of n:
F1 = t1
F2 = t
2
1
F3 = t
3
1 + t3
F4 = t
4
1 + 4t1t3 + t
2
2
F5 = t
5
1 + 10t3t
2
1 + 5t1t
2
2 + 8t5
F6 = t
6
1 + 20t
3
1t3 + 15t
2
1t
2
2 + 48t1t5 + 24t2t4 + 12t
2
3
We know that there is a single 1-cylinder diagram in the stratum H(2) which has
symmetry of order 3, see Figure 5 in section A.3. For this stratum we have ν = [31]
so we can read the weighted number of 1-cylinder diagrams from the coefficient in
front of t3 in F3 normalizing it as in (3.6). This gives 1/3 as expected.
Consider now the stratum H(3, 1). The number of associated rooted diagrams
is given by the coefficient of the monomial 24t2t4 in the polynomial F6. Combin-
ing (3.6) and (2.1) we get the following impact of all 1-cylinder square-tiled surfaces
to the volume of this stratum:
24
6
· 2 · 1! · 1!
5!
· ζ(7) = 1
15
· ζ(7) .
By [EMZor] we have
VolH1(3, 1) = 16
42525
π6 =
16
45
ζ(6) .
Thus, the relative impact p1(H(3, 1)) of 1-cylinder diagrams is equal to(
1
15
ζ(7)
)
:
(
16
45
ζ(6)
)
=
3ζ(7)
16ζ(6)
.
which matches the value given in Example 2.6.
Strata of quadratic differentials. Now we proceed with with the case of nonori-
entable separatrix diagrams; they represent strata of meromorphic quadratic differ-
entials with at most simple poles. Take a cylinder bounded by two polygons, one
with l+2m sides and the other with l+2n sides and consider its orientable gluings
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that identify m pairs of sides of the first polygon, n pairs of sides of the second
polygon, and l sides of the first one with l sides of the second one.
We warn the reader that we have two polygons with a priori different number
of sides, and that from now on the symbol n does not denote the total number of
sides anymore. Contrary to the previous section we do not mark any side on either
of the two polygons anymore.
We get a closed orientable surface, and the image of the boundary polygons is
a graph Γ (not necessarily connected) embedded into it. Suppose that Γ has the
vertex degree set v1, v2, . . ., where ν = [1
v1 2v2 . . .] is a partition of 2(l+m+n) (this
means that Γ has v1 vertices of degree 1, v2 vertices of degree 2, etc.). The associated
1-cylinder separatrix diagram corresponds to the stratumQ(−1v1 , 0v2 , 1v3 , . . . ), and
the complex dimension of this stratum is l+m+ n.
Denote by Nl,m,n(v1, v2, . . .) the weighted count of such gluings. It coincides
with the number Nl,m,n(−1v1 , 0v2 , 1v3 , . . . ) giving the weighted count of 1-cylinder
diagrams of type (l,m,m) in Q(−1v1, 0v2 , 1v3 , . . . ) with weights 1/|Aut(Γ)| up to a
correction in the symmetric case when m = n:
(3.7) Nl,m,n(−1v1 , 0v2 , 1v3 , . . . ) =
{
Nl,m,n(v1, v2, . . .) when m 6= n
1
2 ·Nl,m,n(v1, v2, . . .) when m = n .
Consider the generating series
Fl,m,n =
∑
ν⊢2(l+m+n)
Nl,m,n(v1, v2, . . .)p
v1
1 p
v2
2 . . . .(3.8)
To explicitly compute Fl,m,n with l = 0, 1, 2 we introduce an auxiliary generating
series G(s, p1, p2, . . .). The coefficient of G at the monomial s
2npv11 p
v2
2 . . . is the
number of orientable gluings of a 2n-gon with fixed vertex degree set given by the
partition [1v1 2v2 . . .] of 2n. In other words, each gluing produces a closed orientable
surface of genus g = 12 (1 + n−
∑
i vi) together with a graph embedded into it with
v1 vertices of degree 1, v2 vertices of degree 2, etc. As usual, the gluings are counted
with weights reciprocal to the orders of the automorphism groups.
The generating series G(s, p1, p2, . . .) was extensively studied in [KaZog]. In
particular, as it follows from Theorem 3 (ii) in [KaZog], the series G is uniquely
determined by the equation
1
s
∂G
∂s
=M2G+ p
2
1(3.9)
modulo the initial condition G|s=0 = 0, where
M2 =
∞∑
i=2
i−1∑
j=1
(i − 2)pjpi−j ∂
∂pi−2
+ j(i− j)pi+2 ∂
2
∂pj∂pi−j
.(3.10)
It will be convenient to write G as a power series in s:
G(s, p1, p2, . . .) =
∞∑
n=1
s2nGn(p1, p2, . . .) .(3.11)
Then we have
Theorem 3.4. The following formulas hold:
F0,m,n = GmGn ,(3.12)
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F1,m,n =
∞∑
i=1
∞∑
j=1
ij pi+j+2
∂Gm
∂pi
∂Gn
∂pj
,(3.13)
F2,m,n =
1
2
∞∑
i=1
∞∑
j=1
∞∑
k=1
∞∑
l=1
ijkℓ pi+k+2 pj+ℓ+2
∂2Gm
∂pi∂pj
∂2Gn
∂pk∂pℓ
(3.14)
+
∞∑
i=1
∞∑
j=1
∞∑
k=1
ijk(k + 1) pi+j+k+4
(
∂2Gm
∂pi∂pj
∂Gn
∂pk
+
∂Gm
∂pk
∂2Gn
∂pj∂pk
)
+
∞∑
i=1
∞∑
j=1
ij
(
i∑
k=0
j∑
ℓ=0
pk+ℓ+2 pi+j+2−k−ℓ
)
∂Gm
∂pi
∂Gn
∂pj
.
Proof. Instead of the graph Γ (the image of cylinder’s boundary) it is handier to
consider its dual graph Γ∗. The graph Γ∗ has two vertices, m loops incident to the
first vertex, n loops incident to the second vertex and l edges connecting the first
vertex with the second one. We also assume that the vertices are labeled.
Formula (3.12) of Theorem 3.4 is obvious.
To prove (3.13), let us take two ribbon graphs with one vertex each, the first one
with m loops and the second one with n loops. Let us count the number of ways to
connect the two vertices with a single edge. For any boundary component of length
i of the first graph and any boundary component of length j of the second graph
there are ij possibilities to connect them with an edge. Instead of two disjoint
boundary components of lengths i and j we get a single boundary component of
length i+ j + 2. This simple observation is precisely described by Formula (3.13).
The proof of Formula (3.14) is similar to that of (3.13). Again, we start with
two ribbon graphs with one vertex each, the first one with m loops and the second
one with n loops. Now we count the number of different ways to connect the two
vertices with a double edge. Four possibilities can occur:
i) Two different boundary components of the first graph of lengths i and j
are connected by two edges with two boundary components of the second
graph of lengths k and ℓ respectively. There are ijkℓ ways to do that. The
boundary components of lengths i and k are replaced by a single boundary
component of length i + k + 2, and the components of lengths j and ℓ
are replaced by a single component of length j + ℓ + 2. This possibility is
described by the first line in the right hand side of (3.14).
ii) Two different boundary components of the first graph of lengths i and j
are connected by two edges with one boundary components of the second
graph of lengths k. This can be done in ijk(k+1) ways. The three bound-
ary components of lengths i, j and k are replaced by a single boundary
component of length i+ j + k + 4.
iii) A boundary component of the first graph of length k is connected by two
edges with two boundary components of the second graph of lengths i and
j. Similar to the previous case, this can be done in ijk(k + 1) ways. The
three boundary components of lengths i, j and k are replaced by a single
boundary component of length i+ j + k+4. The cases (ii) and (iii) can be
united to produce the second line in the right hand side of (3.14).
iv) A boundary component of the first graph of length i is connected by two
edges with a boundary component of the second graph of length j. There
are ij ways to connect the two boundary components with one edge. If the
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endpoints of the second edge at the distances k and ℓ from the endpoints
of the first one, the components of lengths i and j get replaced by the
boundary components of lengths k + ℓ+ 2 and i+ j + 2− k − ℓ. This last
possibility is described by the third line in the right hand side of (3.14).

Example 3.5. To find the contribution of 1-cylinder separatrix diagrams to the
volume of the stratum Q(13,−13) we have to find the weighted number of ribbon
graphs as above with 3 vertices of valence 1 (corresponding to 3 simple poles)
and with 3 vertices of valence 3 (corresponding to 3 simple zeroes). So the type
of the cylinder gluing representing the stratum Q(13,−13) is [13, 33] and we are
interested in monomials corresponding to p31p
3
3 in polynomials Fl,m,n with l+m+n =
6. We present some of them to compare the result with the diagram-by-diagram
calculation presented in the next section.
F0,1,5 = 4p
3
1p4p2p3 + p
5
1p
2
2p3 + 3p
3
1p5p
2
2 +
1
2
p61p2p4 + 5p
4
1p6p2 +
7
2
p41p5p3 +
1
10
p71p5
(3.15)
+
5
2
p51p7 +
21
2
p9p
3
1 +
21
4
p8p
2
1p2 +
7
2
p21p7p3 +
13
4
p21p4p6 +
33
20
p21p
2
5 +
1
4
p41p
4
2
+
1
4
p61p
2
3 +
1
2
p31p
3
3 +
1
2
p21p4p
3
2 +
1
2
p21p
2
2p
2
3 +
3
2
p41p
2
4 .
F0,3,3 =
1
3
p4p
3
1p2p3 + p4p1p2p5 +
1
36
p43 +
1
3
p51p
2
2p3 +
1
6
p21p
2
2p
2
3
(3.16)
+
1
6
p23p4p2 +
1
3
p1p5p
2
3 +
1
4
p41p
4
2 +
1
9
p61p
2
3 +
1
9
p31p
3
3
+
1
4
p22p
2
4 + p
2
5p
2
1 + p5p
3
1p
2
2 +
1
2
p4p
2
1p
3
2 +
2
3
p5p
4
1p3 .
F2,1,3 = 10p4p5p2p1 + 16p8p
2
1p2 + 4p7p
2
2p1 + 13p4p6p
2
1 + 7p
2
5p
2
1 + 12p9p
3
1 + 5p10p2
(3.17)
+ 36p11p1 +
1
2
p24p
2
2 + 5p
3
1p2p3p4 + 5p1p2p3p6 + p
3
3p
3
1 + 3p1p5p
2
3 + 4p1p3p
2
4
+ 2p3p9 +
13
2
p4p8 + 5p5p7 +
3
2
p26 + p
4
1p
2
4 + p
2
1p
3
2p4 + p
2
1p
2
2p
2
3 + 2p
3
1p
2
2p5
+ p41p2p6 + 2p
4
1p3p5 + 13p
2
1p3p7 .
By (3.15) the term p31p
3
3 in F0,1,5 has coefficient
1
2 , so the weighted number
∑
D
1
Γ(D)
of 1-cylinder diagrams representing the stratumQ(13,−13) with l = 0,m = 1, n = 5
is equal to 12 . Table 1 in section 3.2 shows that such diagram is, actually, unique,
and that its symmetry group Γ(D) indeed has order 2.
By (3.16) the term p31p
3
3 in F0,3,3 has coefficient
1
9 , so the weighted number∑
D
1
Γ(D) of 1-cylinder diagrams representing the stratum Q(13,−13) with l =
0,m = 3, n = 3 is equal to 118 (recall that when m = n we have to divide the
corresponding coefficient by 2 to get the weighted number of diagrams; see (3.7)).
Table 1 in section 3.2 shows that there is a unique such diagram, and that its
symmetry group Γ(D) has order 18.
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By (3.17) the term p31p
3
3 in F2,1,3 has coefficient 1. Table 1 in section 3.2 shows
that there is a unique 1-cylinder diagram with l = 2,m = 1, n = 3 in the stratum
Q(13,−13), and that this diagram does not have any symmetries.
3.2. Approach based on Rauzy classes. In this section we consider a com-
plete list of 1-cylinder separatrix diagrams representing one particular stratum of
meromorphic quadratic differentials Q(d1, . . . , dk) with at most simple poles and
we consider their contributions to the Masur–Veech volume.
Denote by µ−1, µ1, µ2, . . . the multiplicities µj of entries j ∈ {−1, 1, 2, . . .} in the
set {d1, . . . , dk}, where
∑
di = 4g − 4, and g ∈ Z+. In the notation of section 3.1
we have µi = vi+2. In combinatorial terms, we want to construct all possible
oriented (which is stronger than orientable) ribbon graphs with exactly µ−1 vertices
of valence 1; with exactly µ1 vertices of valence 3, ..., with exactly µj vertices of
valence j+2, etc. We are interested only in those ribbon graphs which have exactly
two boundary components, and which satisfy the following extra condition: for each
of the two boundary components ∂D of the ribbon graph D there exists an edge of
D such that it has ∂D on both sides of it.
To give an idea of an approximate calculation of the volume based on our method
we compute VolQ1(13,−13) (the stratum is chosen by random). We present a
list of all ribbon graphs D satisfying the above conditions, which are realizable
in Q(13,−13). For each such ribbon graph we give the order |Γ| = |Γ(D)| of its
symmetry group, we present l,m, n and we apply formula (2.2) to compute its
contribution to the volume of the stratum. Recall the convention used in (2.2):
defining the symmetry group Γ(D) we assume that none of the vertices, edges, or
boundary components of the ribbon graph D is labeled; however, we assume that
the orientation of the ribbons is fixed.
The stratum Q(13,−13) corresponds to genus g = 1. It is connected and d =
dimCQ(13,−13) = 6. We have µ−1 = 3, µ1 = 3, and there are no other entries
µk. This means that every such ribbon graph has 3 vertices of valence one, and 3
vertices of valence 3.
Table 1 above shows that the total contribution of 1-cylinder separatrix diagrams
to the volume VolQ1(13,−13) is 77ζ(6). The statistics of frequencies of 1 : 2 : 3-
cylinder pillowcase covers in VolQ1(13,−13) collected experimentally (see the table
for strata of dimension 6 in Appendix C) gives proportions 0.4366 : 0.4000 : 0.1634
which results in
VolQ1(13,−13) ≈ 77ζ(6)
0.4366
≈ 0.1866π6 .
as an approximate value of the volume. The exact value of the volume found by
E. Goujard in [Gj2] gives
VolQ1(13,−13) = 11
60
· π6 ≈ 0.1837π6 ,
see the line corresponding to Q(13,−13) in the table for the strata of dimension
6 in Appendix C. The types of separatrix diagrams and orders of their symmetry
groups presented in the table above matches the calculation by means of recursive
relation considered in Example 3.5.
Direct calculations of this kind were performed for a limited number of strata,
mostly to debug the more efficient alternative approaches discussed in section 3.1. It
is, basically, impossible not to forget some ribbon graphs, to identify all isomorphic
ones, and to compute correctly the cardinality |Γ(D)| of the symmetry group of
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Ribbon graph D |Γ| l,m, n Contribution to VolQ1(13,−13)
l = 0
2 m = 5
20+2
2
· (5 + 1− 2)!
(5 − 1)!(1− 1)! ·
3! · 3!
(6− 2)! ζ(6) = 3ζ(6)
n = 1
l = 0
18 m = 3
20+2
18
· (3 + 3− 2)!
(3 − 1)!(3− 1)! ·
3! · 3!
(6− 2)! ζ(6) = 2ζ(6)
n = 3
l = 2
1 m = 3
22+2
1
· (3 + 1− 2)!
(3− 1)! · (1− 1)! ·
3! · 3!
(6− 2)! ζ(6) = 24ζ(6)
n = 1
l = 3
1 m = 2
23+2
1
· (2 + 1− 2)!
(2− 1)!(1− 1)! ·
3! · 3!
(6− 2)! ζ(6) = 48ζ(6)
n = 1
Table 1. Contribution of 1-cylinder pillowcase covers to the
Masur–Vech volume VolQ1(13,−13)
each graph performing ad hoc calculations for strata represented by more then ten
diagrams. Thus, the lists of the diagrams and the cardinalities of their symmetry
groups were, actually, found by computer and verified in some simple cases by
hands.
We used Rauzy diagrams to generate these data. Rauzy diagrams are strongly
connected oriented graphs whose vertices are generalized permutations. A gener-
alized permutation is an ordered pair of ordered sets (traditionally represented by
two lines) composed of entries 0, 1, . . . , n, where each entry is presented in the above
data exactly twice, and the unordered union of elements of none of the two lines is
a strict subset of the unordered union of elements of the complementary line. An
usual permutation of the set {0, 1, . . . , n} is a particular case of a generalized one.
There is a bijection between Rauzy diagrams of generalized permutations and
connected component of strata, see [BL] and [Ve1]. Moreover, any 1-cylinder di-
agram in the corresponding component is represented by a certain subcollection
of generalized permutations whose top first and bottom last symbols are identical;
such (generalized) permutations are called standard permutations in the context of
Rauzy diagrams.
Figure 2 at the beginning of section 2.4 illustrates how the standard generalized
permutation (
0 1 1
2 3 2 3 0
)
represents a nonorientable 1-cylinder separatrix diagram.
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The bottom picture in Figure 3 from section 2.5 illustrates how the standard
permutation (
0 1 2 3 4 5 6 7 8
4 3 2 5 8 7 6 1 0
)
represents the orientable 1-cylinder diagram on top of Figure 3.
The advantage of this approach is that it is very easy to generate all permutations
in a Rauzy diagram associated to any low-dimensional stratum. Given a stratum
of meromorphic quadratic differentials with at most simple poles, say, Q(13,−13),
we first use the method [Zor4] of one of the authors to construct some generalized
permutation representing the desired (connected component of) the stratum. Next,
one just has to apply two simple transformation rules to generate the whole Rauzy
diagram from any element. Using the surface dynamics package of the software
SageMath it is a five line program:
sage: from surface_dynamics.all import *
sage: Q = QuadraticStratum({1:3, -1:3})
sage: p = Q.permutation_representative()
sage: R = p.rauzy_diagram(right_induction=True, left_induction=True)
sage: R
Rauzy diagram with 2010 permutations
sage: std_perms = [q for q in R if q[0][0] == q[1][-1]]
sage: len(std_perms)
158
Note that the same 1-cylinder separatrix diagram might be (and usually is) rep-
resented by several standard generalized permutations. For example, the following
four standard generalized permutations represent the same 1-cylinder separatrix
diagram:
(3.18)
(
0 1 2 3 1 2 3
4 4 5 5 6 6 0
) (
0 1 2 3 1 2 3
4 5 5 6 6 4 0
) (
0 1 1 2 2 3 3
4 5 6 4 5 6 0
) (
0 1 2 2 3 3 1
4 5 6 4 5 6 0
)
from the second line of Table 1; the one for which we have |Γ| = 18 and l = 0,
m = 3, n = 3. We explain now how we group the resulting standard permutations
into subcollections associated to separatrix diagrams, and how we compute the
order |Γ(D)| of the symmetry group Γ(D) of a separatrix diagram D.
We can put standard permutations into the one-to-one correspondence with 1-
cylinder separatrix diagrams endowing the latter with the following extra structure.
Choose one of the two possible choices of a top and a bottom boundary component
of the cylinder, and choose a marking on each of the components. (The marking
corresponds to a choice of distinguished saddle connection on each of the boundary
components.)
All standard generalized permutations representing any given separatrix diagram
D, can be obtained from any standard generalized permutations representing D by
the following two operations.
Remove distinguished symbols (denoted by “0” in the examples above); rotate
cyclically the top line by any rotation; rotate cyclically the bottom line by any
rotation; insert the distinguished element on the left of the upper line and on the
right of the bottom one; renumber the entries. We get a collection D1 of standard
generalized permutations.
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Apply to every standard generalized permutations in D1 the following operation.
Remove distinguished symbols (denoted by “0” in the examples above); interchange
the top and the bottom line; insert the distinguished element on the left of the upper
line and on the right of the bottom one and renumber the entries. We get one more
collection D2 of standard generalized permutations.
Take the union of D1 and D2. It is easy to see that we have constructed all
standard generalized permutations representing the initial separatrix diagram D.
We suggest to the reader to check that the collection (3.18) can be constructed by
the two operations as above from any of its elements.
Since the top boundary component is composed from l + 2m separatrices and
the bottom component — from l+ 2n ones, the cardinality of the set of nontrivial
operations as above is 2×(l+2m)×(l+2n). Thus, the order |Γ(D)| of the symmetry
group Γ(D) of the associated separatrix diagram D is
cardΓ(D) :=
(
2× (l + 2m)× (l + 2n)
)
/ card(D1 ∪D2) .
In example (3.18) we get
cardΓ(D) =
(
2× (0 + 2 · 3)× (0 + 2 · 3)
)
/4 = 18
as indicated in the second line in Table 1.
Appendix A. An overview of the Masur–Veech volumes of strata
To make the presentation self-contained we reproduce in this section the neces-
sary background material from the original papers [Ma], [Ve1], [EO1], [Zor2].
A.1. Masur–Veech volume element in the strata. A stratum H(m1, . . . ,mr)
of Abelian differentials is locally modelled on the cohomologyH1(S, {P1, . . . , Pr};C)
of the underlying topological surface S relative to collection {P1, . . . , Pr} of zeroes.
The structure of the vector space in the cohomology gives rise to a one-parameter
family of linear measures defined up to a scalar factor. The canonical choice of the
scalar factor is imposed by the condition that the fundamental domain of the lattice
H1(S, {P1, . . . , Pr};Z⊕ iZ) ⊂ H1(S, {P1, . . . , Pr};C) has unit volume. Denote the
corresponding volume element (density of the measure) by dν.
Consider an Abelian differential ω on a Riemann surface S; let Ai, Bi be its
periods. The area S(ω) of the underlying surface S measured in the flat structure
determined by ω equals
Flat area of S(ω) =
i
2
∫
S
ω ∧ ω¯ = i
2
g∑
i=1
(AiB¯i − A¯iBi) .
Thus, the area of the translation surface is a homogeneous real-valued function on
the moduli space of Abelian differentials:
Area : H(m1, . . . ,mr)→ R AreaS(λ · ω) = |λ|2 AreaS(ω), λ ∈ C .
Consider a “unit sphere”, or, better say, a “unit hyperboloid”
H1(m1, . . . ,mr) ⊂ H(m1, . . . ,mr) defined as a level hypersurface AreaS(ω) = 1 .
The volume element dν on the stratum induces the volume element dν1 :=
dν
dArea
on H1(m1, . . . ,mr).
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Theorem (H. Masur [Ma]; W. Veech [Ve1]). The volume of any stratum of Abelian
differentials H1(m1, . . . ,mr) with respect to the volume element dν1 is finite.
The situation with the moduli spaces of quadratic differentials is similar. Con-
sider a Riemann surface S endowed with a meromorphic quadratic differential q
with at most simple poles; let Q(d1, . . . , dk) be the ambient stratum for (S, q). Any
such pair (S, q) defines a canonical orienting double cover p : Sˆ → S such that
p∗q = ωˆ2 is already a global square of an Abelian differential ωˆ on the double cover
Sˆ. This double cover Sˆ is endowed with the canonical involution ι interchanging
the two preimages of every regular point of the cover. The stratum Q(d1, . . . , dk) is
modelled on the subspace of the relative cohomology of the orienting double cover
Sˆ, antiinvariant with respect to the involution ι. This antiinvariant subspace is
denoted by H1−(Sˆ, {Pˆ1, . . . , Pˆr};C), where {Pˆ1, . . . , Pˆr} are zeroes of the induced
Abelian differential ωˆ.
Recall our Convention 1.17:
Convention. We define a lattice in H1−(Sˆ, {Pˆ1, . . . , Pˆr};C) as the subset of those
linear forms which take values in Z⊕ iZ on H−1 (Sˆ, {Pˆ1, . . . , Pˆr};Z). We define the
volume element dν onQ(d1, . . . , dk) as the linear volume element in the vector space
H1−(S, {Pˆ1, . . . , Pˆr};C) normalized in such a way that the fundamental domain of
the above lattice has unit volume.
We warn the reader that for r > 1 this lattice is a proper sublattice of index
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H1−(Sˆ, {Pˆ1, . . . , Pˆr};C) ∩ H1(Sˆ, {Pˆ1, . . . , Pˆr};Z⊕ iZ) .
The choice of one or another lattice is a matter of convention. Our choice is
coherent with [AEZor1], [AEZor2], and [Gj2].
Another convention concerns the normalization of the area of the flat surface
S. Similarly to the case of Abelian differentials we choose a real hypersurface
Q1(d1, . . . , dk) of flat surfaces of fixed area in the stratum Q(d1, . . . , dk).
Convention A.1. We abuse notation by denoting by Q1(d1, . . . , dk) the space of
flat surfaces of area 1/2 (so that the canonical double cover has area 1).
We address the reader to § 4.1 in [AEZor2] for the arguments in favour of these
conventions.
The volume element dν in the embodying space Q(d1, . . . , dk) induces naturally
a volume element dν1 on the hypersurface Q1(d1, . . . , dk) in the following way. In
complete analogy with the case of Abelian differentials, there is a natural C∗-action
on Q(d1, . . . , dk): having λ ∈ C∗ we associate to the flat surface S = (C, q) (where
C is a complex curve and q is a meromorphic quadratic differential) the flat surface
(A.1) λ · S := (C, λ2 · q) .
In particular, we can represent any S ∈ Q(d1, . . . , dk) as S = R·S(1), where R ∈ R+,
and where S(1) belongs to the “hyperboloid”: S(1) ∈ Q1(d1, . . . , dk). Geometrically
this means that the metric on S is obtained from the metric on S(1) by rescaling
with linear coefficient R. In particular, vectors associated to saddle connections
on S(1) are multiplied by R to give vectors associated to corresponding saddle
connections on S. It means also that Area(S) = R2 · Area(S(1)) = R2/2, since
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Area(S(1)) = 1/2. We define the Masur–Veech volume element dν1 on the “hyper-
boloid” Q1(d1, . . . , dk) by disintegration of the volume element dν on Q(d1, . . . , dk):
(A.2) dν = R2d−1 dRdν1 ,
where
d = dimCQ(d1, . . . , dk) = 2g + k − 2 .
Using this volume element we define the Masur–Veech volume of the stratum
Q1(d1, . . . , dk):
(A.3) VolQ1(d1, . . . , dk) :=
∫
Q1(d1,...,dk)
dν1 .
For a subset E ⊂ Q1(d1, . . . , dk) we denote by C(E) ⊂ Q1(d1, . . . , dk) the cone
based on E:
(A.4) C(E) := {S = R · S(1) |S(1) ∈ E, 0 < R ≤ 1} .
Our definition of the volume element on Q1(d1, . . . , dk) is consistent with the fol-
lowing normalization:
(A.5) Vol(Q1(d1, . . . , dk)) = dimRQ(d1, . . . , dk) · ν(C(Q1(d1, . . . , dk)) ,
where ν(C(Q1(d1, . . . , dk)) is the total volume of the “cone” C(Q1(d1, . . . , dk)) ⊂
Q(d1, . . . , dk) measured by means of the volume element dν onQ(d1, . . . , dk) defined
above.
A.2. Counting volume by counting integer points. One of the ways to evalu-
ate the “hyperarea” of a smooth hypersurface in the Euclidean space Ed is to make
a homothety with a huge coefficient R and count the number of integer points inside
the spatial body bounded by the rescaled hypersurface. This number asymptot-
ically behaves as the volume Vol(R) = Rd · Vol(1) of the body bounded by the
rescaled hypersurface. The desired surface area equals
dVol(R)
dR
∣∣∣
R=1
= d ·Vol(1) .
In other words, to compute the area of the surface bounding some spatial body it
is sufficient to know the coefficient in the leading term of the asymptotics of the
number of integer points which get inside the stretched body.
The same approach can be applied to calculation of the volumes of the strata of
Abelian and of quadratic differentials. Now we have to count the integer points ω0 ∈
H(m1, . . . ,mr), (respectively q0 ∈ Q(d1, . . . , dk)) such that AreaS(ω0) (respectively
AreaS(q0)) is bounded by some huge number N (respectivelyN/2), which plays the
role of the radius R. The only difference with the previous case is that Area(R ·S)
is a homogeneous function of degree 2 in R, so when evaluating the hypersurface
area by derivation of the volume one has to multiply the result by the extra factor
2.
Let us describe the geometry of translation surfaces represented by integer points.
Having an Abelian differential [ω0] ∈ H1(M2g , {P1, . . . , Pr};Z ⊕ iZ) we can define
a map fω0 :M
2
g → T2 = C/(Z⊕ iZ) by
fω0 : P 7→
(∫ P
P1
ω0
)
mod Z⊕ iZ .
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It is easy to see that fω0 is a ramified cover; moreover, the ramification points are
exactly the zeroes P1, . . . , Pr of ω0. Consider the flat torus T
2 as a unit square with
the identified opposite sides. The cover fω0 : S → T2 endows the Riemann surface S
with a tiling by unit squares. The tiling represents a standard square lattice except
for the vertices P1, . . . , Pr where we have respectively 4(m1 + 1), . . . , 4(mr + 1)
squares adjacent to a vertex. Note that all the unit squares are provided with the
following additional structure: we know exactly which edge is top, bottom, right,
and left; adjacency of the squares respects this structure in a natural way. We shall
call a flat surface with such tiling a square-tiled surface.
In the case of quadratic differentials the integer points are represented by pil-
lowcase covers over CP1 branched at the four corners of the square pillow as in
Figure 4.
Figure 4. Flat CP1 glued from two squares with the side 12 .
To summarize, under conventions (A.2)–(A.5) we get the following formulas
(see [EO1], [Zor2] for details):
Lemma. Let c2d be the coefficient in the asymptotics
c
2d ·Nd of the number of square-
tiled surfaces in the stratum H(m1, . . . ,mr) tiled with at most N unit squares when
N → +∞. Then
(A.6) VolH1(m1, . . . ,mr) = c .
Similarly, let c2d be the coefficient in the asymptotics
c
2d · Nd of the number of
pillowcase covers in the stratum Q(d1, . . . , dk) of degree at most N . Then
(A.7) VolQ1(d1, . . . , dk) = c .
Note that some strata are not connected. In this case it is important to compute
the volume of every individual connected component. The connected components of
the strata of Abelian differentials are classified in [KZ]; the connected components of
the strata of quadratic differentials are classified in [L]; see also a recent rectification
in the arXiv version of the latter paper.
A.3. Jenkins–Strebel differentials. Separatrix diagrams. Assume that all
leaves of the horizontal foliation of an Abelian or quadratic differential are either
closed or connect critical points (a leaf joining two critical points is called a saddle
connection or a separatrix ). Later we will be saying simply that the horizontal
foliation has only closed leaves. The square of an Abelian differential, or a quadratic
differential having this property is called a Jenkins–Strebel quadratic differential,
see [S]. For example, square-tiled surfaces or pillowcase covers provide particular
cases of Jenkins–Strebel differentials.
Following [KZ] we will associate with each Abelian or quadratic differential whose
horizontal foliation has only closed leaves a combinatorial data called separatrix
diagram.
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We start with an informal explanation. Consider the union of all saddle con-
nections for the horizontal foliation, and add all critical points. We obtain a finite
graph Γ. In the case of an Abelian differential it is oriented, where the orientation
on the edges comes from the canonical orientation of the horizontal foliation. In
both cases of an Abelian or quadratic differential, the graph Γ is drawn on an ori-
ented surface, therefore it carries a ribbon structure, i.e. on the star of each vertex
v a cyclic order is given, namely the counterclockwise order in which half-edges are
attached to v. In the case of an Abelian differential, the direction of edges attached
to v alternates (between directions toward v and from v) as we follow the cyclic
order.
It is well known that any finite ribbon graph Γ defines canonically (up to an
isotopy) an oriented surface S(Γ) with boundary. To obtain this surface we replace
each edge of Γ by a thin oriented strip (rectangle) and glue these strips together
using the cyclic order in each vertex of Γ. In our case surface S(Γ) can be realized
as a tubular ε-neighborhood (in the sense of the transversal measure) of the union
of all saddle connections for sufficiently small ε > 0.
In the case of an Abelian differential, the orientation of edges of Γ gives rise to
the orientation of the boundary of S(Γ). Notice that this orientation is not the
same as the canonical orientation of the boundary of an oriented surface. Thus,
connected components of the boundary of S(Γ) are decomposed into two classes:
positively and negatively oriented (positively when two orientations of the boundary
components coincide and negatively, when they are opposite). We shall also refer
to them as the top and bottom components of the corresponding cylinder, with
respect to the positive orientation of the vertical foliation. The complement to the
tubular ε-neighborhood of Γ is a finite disjoint union of open flat cylinders foliated
by circles. It gives a decomposition of the set of boundary circles π0(∂S(Γ)) into
pairs of components having opposite orientation.
Now we are ready to give a formal definition (see §4 in [KZ] for more details on
separatrix diagrams):
Definition A.2. A separatrix diagram is a finite oriented ribbon graph Γ, and a
decomposition of the set of boundary components of S(Γ) into pairs. An orientable
separatrix diagram satisfies the following additional properties:
(1) the orientation of the half-edges at any vertex alternates with respect to
the cyclic order of edges at this vertex;
(2) there is one positively oriented and one negatively oriented boundary com-
ponent in each pair.
Any separatrix diagram represents a measured foliation with only closed leaves on
a compact oriented surface without boundary. We say that a diagram is realizable
if, moreover, this measured foliation can be chosen as the horizontal foliation of
some Abelian or quadratic differential (depending on orientability of the foliation).
Assign to each saddle connection a real variable standing for its “length”. Now
any boundary component is also naturally endowed with a “length”. If we want
to glue flat cylinders to the boundary components, the lengths of the components
in every pair should match each other. Thus, for every two boundary components
paired together we get a linear relation on the lengths of saddle connections. Clearly,
a diagram is realizable if and only if the corresponding system of linear equations
on lengths of saddle connections admits a strictly positive solution.
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As an example, consider all possible separatrix diagrams which might appear in
the stratum H(2) (see §5 in [Zor2] for more details). The single conical singularity
of a flat surface in H(2) has cone angle 6π, so every separatrix diagram has a single
vertex with six prongs. Since it corresponds to the stratum of Abelian differentials,
it should be oriented. All such diagrams are presented in Figure 5. We see, that
the left diagram D1 defines a translation surface with a single pair of boundary
components (i.e. with a single cylinder filled with closed horizontal leaves); it is
realizable for all positive values ℓ1, ℓ2, ℓ3 of length parameters. The middle diagram
defines a surface with two pairs of boundary components (i.e. with two cylinders
filled with closed horizontal leaves); it is realizable when ℓ1 = ℓ3. The right diagram
would correspond to a surface with a single “top” boundary component, and with
three “bottom” boundary components. Since each “top” boundary component must
be attached to a “bottom” boundary component by a cylinder, this diagram is not
realizable by a translation surface.
ℓ1
ℓ2ℓ3
ℓ1
ℓ2
ℓ3
D1 D2 D3
Figure 5. The separatrix diagrams represent from left to right
a square-tiled surface glued from: D1 — one cylinder; D2 — two
cylinders; D3 — not realizable by a square-tiled surface.
We reproduce now the original computation of M. Kontsevich of the volume of
the stratum H(2); see [Zor2] for details.
Example of calculation of the Masur–Veech volume. Any square-tiled sur-
face in H(2) corresponds to one of the two separatrix diagrams D1,D2 in Figure 5.
Consider those square-tiled surfaces from H(2) which correspond to the leftmost
diagram, that is to D1. In this case our surface is glued from a single cylinder. The
waist curve of the cylinder has length w = ℓ1+ℓ2+ℓ3, where ℓ1, ℓ2, ℓ3 are the integer
lengths of the horizontal saddle connections (also called separatrix loops). Denote
the height of the cylinder by h1. Note that there is one more integer parameter
determining our square-tiled surface: the integer twist φ which we apply to glue
together the two boundary components of the cylinder. It has an integer value in
the interval [1, w]. Thus the number of square-tiled surfaces of this type with area
bounded by N is asymptotically equivalent to the sum
1
3
∑
ℓ1,ℓ2,ℓ3,h∈N
(ℓ1+ℓ2+ℓ3)h≤N
(ℓ1 + ℓ2 + ℓ3) .
The coefficient 1/3 compensates the arbitrariness of the choice of numbering of
ℓ1, ℓ2, ℓ3 preserving the cyclic ordering. In other words, the order |Γ(D1)| of the
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symmetry group of the separatrix diagram D1 is equal to three (the vertices of
any separatrix diagram are numbered, while the edges are not). We can group
the entries in the sum above having the same length w of the waist curve of the
cylinder. The number of ordered partitions of a large integer w into the sum of
three positive integers w = ℓ1 + ℓ2 + ℓ3 equals approximately w
2/2. Thus we can
rewrite the sum above as follows:
(A.8)
1
3
∑
ℓ1,ℓ2,ℓ3,h
(ℓ1+ℓ2+ℓ3)h≤N
(ℓ1 + ℓ2 + ℓ3) ∼ 1
3
∑
w,h
w·h≤N
w · w
2
2
=
1
6
∑
w,h
w≤N
h
w3 ∼
∼ 1
6
∑
h∈N
1
4
·
(
N
h
)4
=
N4
24
·
∑
h∈N
1
h4
=
N4
24
· ζ(4) = N
4
24
· π
4
90
.
Consider now a square-tiled surface corresponding to the middle diagram D2 on
Figure 5. The only admissible way to paste horizontal cylinders into this diagram
is drawn on Figure 6 indicating how the boundary components are coupled.
6 1
5 2
4 3
Figure 6. The colors on the ribbon graph associated to the
separatrix diagram indicate how to paste in the horizontal cylin-
ders.
Denote the integer lengths of the separatrix loops by ℓ1, ℓ2, ℓ3 (see Figure 5).
The realizability condition imposes the linear relation ℓ1 = ℓ3. The flat surface S
is glued from two cylinders: one having the waist curve of length ℓ1, and the other
one having the waist curve of length ℓ1 + ℓ2. Denote the heights and twists of the
corresponding cylinders by h1, h2 and by φ1, φ2 respectively. The integer twist of
the first cylinder takes value in the interval [1, ℓ1]; the integer twist of the second
cylinder takes value in the interval [1, ℓ1 + ℓ2]. Thus, the number of surfaces of
2-cylinder type with area bounded by N is asymptotically equivalent to the value
of the sum
(A.9)
∑
ℓ1,ℓ2,h1,h2
ℓ1h1+(ℓ1+ℓ2)h2≤N
ℓ1(ℓ1 + ℓ2) =
∑
ℓ1,ℓ2,h1,h2
ℓ1(h1+h2)+ℓ2h2≤N
ℓ21 + ℓ1ℓ2 . =
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=
N4
24
[
2 · ζ(1, 3) + ζ(2, 2)] = N4
24
[
2 · ζ(4)
4
+
3ζ(4)
4
]
=
N4
24
· 5
4
· π
4
90
(see §5 in [Zor2] for details of the calculation).
Adding the contributions of the two diagrams and applying 2 ddN
∣∣
N=1
we finally
get
VolH1(2) =
π4
120
.
Appendix B. Impact of the choice of the integer lattice on
diagram-by-diagram counting of Masur–Veech volumes
Recall the following two natural choices of the integer lattice in period coordi-
nates of a stratum of quadratic differentials.
(1) the subset of H1−(Sˆ, {Pˆ1, . . . , Pˆr};C) consisting of those linear forms which
take values in Z⊕ iZ on H−1 (Sˆ, {Pˆ1, . . . , Pˆr};Z)
(2) H1−(Sˆ, {Pˆ1, . . . , Pˆr};C) ∩H1(Sˆ, {Pˆ1, . . . , Pˆr};Z⊕ iZ)
Here we do not mark the preimages of simple poles, i.e. Pˆ1, . . . , Pˆr are preimages
of zeroes of the quadratic differential under the double cover. The difference be-
tween the two choices affects the linear holonomy along saddle connections joining
two distinct zeroes. Under the first convention the linear holonomy along such sad-
dle connections belongs to the half integer lattice 12Z⊕ i2Z while under the second
convention it belongs to the integer lattice Z⊕ iZ. This implies that the first lattice
in the period coordinates is a proper sublattice of index 4s−1 of the second one,
where s is the number of zeroes of the quadratic differential.
ℓ1
ℓ2
ℓ3 ℓ4
ℓ5
ℓ6
Figure 7. A separatrix diagram for Q(12,−16)
Thus, in the case of the stratum Q(12,−16), it is a sublattice of index 4. Note,
however, that the contributions of individual separatrix diagrams change by the
factors, which are, in general, different from the index of one lattice in the other.
Consider, for example the separatrix diagram as in Figure 7 representing the stra-
tum Q(12,−16). The absolute contribution of this separatrix diagram is twice
bigger under the first choice of the lattice than under the second one. Indeed,
under the first choice of the lattice in period coordinates, the parameter ℓ1 is half-
integer, as well as all the other parameters ℓ2, . . . , ℓ6, h, φ, (where h, φ are the height
and the twist of the single cylinder) whereas ℓ1 is integer under the second choice
of the lattice, and the other parameters are half-integers. Hence, the number of
partitions of a given natural number w (representing the length of the waist curve
of the single cylinder) into the sum
w = 2(ℓ1 + ℓ2 + ℓ3 + ℓ4 + ℓ5)
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is asymptotically twice bigger under the first choice of the lattice.
Now let us perform the computation for this diagram under the first convention
of the choice of the lattice. When the zeroes and poles are not labeled, the diagram
has symmetry of order 4. Since the twist φ is half-integer, there are 2w choices of
φ. Recall also, that the standard pillow as in Figure 4 has area 1/2. Thus, under
the first choice of the lattice in period coordinates, the number of pillowcase covers
of order at most N corresponding to this separatrix diagram has the following
asymptotics as N → +∞ (compare to computation (A.8)):
1
4
∑
ℓ1,ℓ2,ℓ3,ℓ4,ℓ5,h∈N/2
(2(ℓ1+ℓ2+ℓ3+ℓ4+ℓ5))·h≤N/2
2(2(ℓ1 + ℓ2 + ℓ3 + ℓ4 + ℓ5)) ∼ 1
4
∑
w,H∈N
w·H≤N
2w · w
4
4!
=
=
1
2 · 4!
∑
w,H∈N
w≤N
H
w5 ∼ 1
2 · 4!
∑
H∈N
1
6
·
(
N
H
)6
=
N6
12 · 4! ·
∑
H∈N
1
H6
=
N6
12 · 4! · ζ(6) .
Here in the first equivalence we passed from the half-integer parameter h to the
integer parameter H = 2h replacing the condition wh ≤ N/2 by the equivalent
condition wH ≤ N . Applying 2 ddN
∣∣
N=1
and multiplying by the factor 6! · 2! re-
sponsible for numbering of zeroes and poles, we get the total contribution 60ζ(6)
to the volume Vol(1)Qnumbered1 (12,−16) defined under the first convention on the
choice of the lattice.
Similar computations for each separatrix diagram in this stratum are cumber-
some, so, following [AEZor1], we distribute the diagrams into groups organized in
the following way.
Each connected component of the separatrix diagram is encoded by a vertex of
a graph decorated with an ordered pair of natural numbers indicating the number
of zeroes and poles living at the corresponding component. A flat cylinder joining
two connected components of a separatrix diagram is encoded by an edge of the
graph. For example, the separatrix diagram from Figure 7 contains two connected
components joined by a single cylinder. The corresponding graph contains two
vertices joined by a single edge; one vertex is decorated with the pair (2, 4) (standing
for 2 zeroes and 4 poles) and the other vertex is decorated with the pair (0, 2)
(standing for 0 zeroes and 2 poles). This graph is the top entry of the left column
in Table 2.
Note that the stratum Q(12,−16) corresponds to genus zero, so the underlying
topological surface is a sphere. This implies that the graph defined by a separa-
trix diagram representing the stratum Q(12,−16) is, actually, a tree. The first
column of Table 2 provides the list of all possible decorated trees which appear
for the stratum Q(12,−16). It is easy to verify that the ratio of contributions of
a given separatrix diagram to the volume of the stratum Q(1r,−1r+4) computed
under the two conventions on the choice of the integer lattice depends only on the
corresponding decorated tree. We group together all the diagrams corresponding
to each decorated tree and indicated in the second column the corresponding con-
tribution to the volume under the first choice of the lattice (using [AEZor1, §3.8]
as the source). In the third column we give the ratio of the contributions repre-
sented by the corresponding tree. For example, the tree in the first line represents
the unique diagram shown in Figure 7; as it was computed above its contribution
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Tree Contribution to Vol(1)
Contribution to Vol(1)
Contribution to Vol(2)
❝
2,4
❝
0,2
60ζ(6) 2
❝
1,3
❝
1,3 80ζ(6) 27
❝
0,2
❝
2,2
❝
0,2
72ζ(2)ζ(4) 2
❝
1,3
❝
1,1
❝
0,2 48ζ(2)ζ(4) 25
❝
0,2
❝
1,1
❝
1,1
❝
0,2
24ζ3(2) 23
❝
0,2
❝
2,0
✟
✟✟
❝0,2
❍
❍❍ ❝0,2
4ζ3(2) 2
Table 2. Table of diagram contributions to the Masur–Veech
volume VolQ1(12,−16) in normalizations (1) and (2)
to the volume under the first choice of the lattice is 60ζ(6) and the contribution
to the volume under the second choice of the lattice is twice smaller. These data
constitute the first line of Table 2.
Recall that the normalization factor between the two lattices in the period coor-
dinates of the stratum Q(12,−16) is 4. However, observing Table 2 the reader can
see that the individual contributions of diagrams differ by factors 2, 23, 25, 27.
Note that the trees with the same number of edges provide contributions of the
same “arithmetic” nature, namely the total contribution of 1, 2, 3-cylinder diagrams
are
140ζ(6) + 120ζ(2)ζ(4) + 28ζ3(2) =
π6
2
= Vol(1)Q(12,−16)
respectively under the first choice of the lattice and
245
8
ζ(6) +
75
2
ζ(2)ζ(4) + 5ζ3(2) =
π6
8
= Vol(2)Q(12,−16)
respectively under the second choice. The volumes Vol(1) and Vol(2) differ by the
factor 4 as expected.
We get a polynomial identity
140ζ(6) + 120ζ(2)ζ(4) + 28ζ3(2) =
π6
2
= 4
(245
8
ζ(6) +
75
2
ζ(2)ζ(4) + 5ζ3(2)
)
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in zeta values at even integers. Considering other strata Q(1r,−1r+4) we get an
infinite series of analogous identities in zeta values at even integers.
We did not study the identities resulting from different choices of the lattice in
period coordinates for more general strata of meromorphic quadratic differentials
with at most simple poles in genus zero. Considering zeroes of even order might
produce identities of much more elaborate arithmetic nature.
If our guess that the contribution of k-cylinder square-tiled surfaces to a given
stratum of Abelian differentials is a polynomial in multiple zeta values with rational
(or even integer) coefficients is true, then playing with different choices of an integer
lattice we will get infinite series of mysterious polynomial identities in multiple zeta
values.
Another challenge is to see whether one can obtain some information about
volume asymptotics for large genera playing with the choice of an integer lattice.
We leave both questions as a problem, which might be interesting to study.
Problem. Describe and study polynomial identities on multiple zeta values arising
from k-cylinder contributions to the Masur–Veech volumes under different choices
of integer lattices in period coordinates. Study these identities in asymptotic regimes
when the genus of the surface or the number of simple poles tends to infinity.
Appendix C. Tables of the Masur–Veech volumes of low-dimensional
strata in the moduli spaces of meromorphic quadratic
differentials with at most simple poles
In the tables below we present the volumes of all low-dimensional strata of qua-
dratic differentials up to dimension d = 6. The approximate values of Masur–Veech
volumes were actively used in the papers [Gj1] and [Gj2] to debug the rigorous
theoretically found values of the Masur–Veech volumes of the strata of quadratic
differentials and related Siegel–Veech constants.
Each table is organized as follows.
The left column indicates the stratum Q(d1, . . . , dk). The second column pro-
vides the rigorous rational number r in the absolute contribution, see (2.2),
c1(d1, . . . , dk) = r · ζ(d)
of 1-cylinder pillowcase covers to the Masur–Veech volume VolQ(d1, . . . , dk).
The third column provides experimental statistical data, namely, the approxi-
mate proportions of the number of square-tiled surfaces with 1 cylinder, 2-cylinders,
and so on tiled with tiny squares.
Combining data from the second and the third column, we provide in the fourth
column the resulting approximate value of the volume obtained experimentally.
In the right two columns we present the value of the Masur–Veech volume of
the corresponding stratum obtain by rigorous methods, namely, the approximate
numerical value in the second column from the right and the exact value in the
rightmost column.
The rightmost column contains a symbol indicating the rigorous methods of
computation of the exact value of the Masur–Veech volumes of the stratum under
consideration (see [Gj2] for more details):
EO. By the results of Eskin–Okounkov [EO2], the generating functions for the
number of pillowcase covers are quasimodular. The volumes are derived
from the asymptotics of these functions, which can be easily computed
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using the quasimodularity property. Note that this method do not give the
volumes of the connected components of the strata.
g0. For the case of genus 0 surfaces, there exists a closed formula for volumes,
that was conjectured by Kontsevich and then proved by Athreya–Eskin–
Zorich in [AEZor1] and [AEZor2].
hyp. For hyperelliptic components, volumes are easily deduced from the volumes
of strata of genus 0 surfaces.
nv. Some strata have a special property: they are non-varying, meaning that
the Lyapunov spectrum (and so the Siegel–Veech constant) is the same for
any Teichmu¨ller curve, see [CMo¨]. The volume is then deduced from the
(common value of the) Siegel–Veech constant using the technics of Masur–
Zorich (see [Gj1]);
diag. Finally, as for 1-cylinder surfaces, the volumes of low-dimensional strata
can be computed diagram by diagram.
We always use normalization as in [AEZor2]; see also Convention A.1.
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Strata of dimension 4
Component Abs. contr. Statistics of Experim. Theoretical value
of the r · ζ(4) of frequency of value of the volume
stratum 1-cylinder 1 : 2 : · · · − cylinder of the
surfaces surfaces volume Approx. Exact
genus 0
Q(1,−15) 40 0.4382 : 0.5618 1.014 · pi4 1.000 · pi4 pi4
0.4444 : 0.5556
4
9
: 5
9
g0,EO
genus 1
Q(12,−12) 50/3 0.5724 : 0.4276 0.324 · pi4 0.3333 · pi4 1
3
· pi4
0.5556 : 0.4444
4
9
: 5
9
hyp,diag,EO
Q(3,−13) 30 0.6016 : 0.3984 0.554 · pi4 0.5556 · pi4 5
9
· pi4
0.6000 : 0.4000
3
5
: 2
5
diag,nv,EO
genus 2
Q(22) 17/4 0.7065 : 0.2130 : 0.0805 0.666 · pi2 0.6666 · pi2 2
3
· pi2
0.6991 : 0.2089 : 0.0920
hyp,diag,EO
Q(5,−1) 12 0.6488 : 0.3512 0.206 · pi4 0.2074 · pi4 28
135
· pi4
0.6429 : 0.3571
9
14
: 5
14
diag,nv,EO
For Q(22) the exact proportions are more bulky, so we give them separately:
Frequences for Q(2, 2) : 17ζ(4)
4
: 16ζ(3)− 33
2
ζ(4) : 4ζ(2)− 16ζ(3) + 49ζ(4)
4
.
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Strata of dimension 5
Component Abs. contr. Statistics of Experim. Theoretical value
of the r · ζ(5) of frequency of value of the volume
stratum 1-cylinder 1 : 2 : · · · − cylinder of the
surfaces surfaces volume Approx. Exact
genus 0
Q(2,−16) 60 0.2472 : 0.6740 : 0.0789 2.584 · pi4 2.666 · pi4 8
3
· pi4
0.2395 : : g0,EO
genus 1
Q(2, 1,−13) 45 0.4919 : 0.4472 : 0.0610 0.974 · pi2 pi4 pi4
0.4790 : : nv,EO
Q(4,−14) 84 0.4309 : 0.5163 : 0.0528 2.075 · pi2 2 · pi4 2 · pi4
0.4471 : : nv,EO
genus 2
Q(2, 12) 11/2 0.4398 : 0.4667 : 0.0935 0.133 · pi4 0.1333 · pi4 2
15
· pi4
0.4391 : 0.4621 : 0.0988 hyp,diag,EO
Q(4, 1,−1) 68/3 0.4772 : 0.4854 : 0.0374 0.506 · pi4 0.5333 · pi4 8
15
· pi4
0.4524 : : nv,EO
Q(3, 2,−1) 115/6 0.5528 : 0.3813 : 0.0659 0.369 · pi4 0.3704 · pi4 10
27
· pi4
0.5509 : : nv,EO
Qhyp(6,−12) 65/12 0.3057 : 0.6374 : 0.0569 0.189 · pi4 0.1777 · pi4 8
45
· pi4
0.3243 : : hyp
Qnon(6,−12) 181/3 0.5366 : 0.4008 : 0.0626 1.197 · pi4 1.1852 · pi4 32
27
· pi4
0.5419 : : nv,EO
genus 3
Q(8) 56/3 0.5211 : 0.4024 : 0.0764 0.381 · pi4 0.3704 · pi4 10
27
· pi4
EO
Exact values of frequences of 1 : 2 : 3-cylinder square-tiled surfaces for Q(2, 12) are:
11ζ(5)
2
: 3ζ(2)ζ(3) +
16ζ(4)
3
− 11ζ(5)
2
: ζ(2)(
8ζ(2)
3
− 3ζ(3))
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Strata of dimension 6
Component Abs. cont. Statistics of Experim. Theoretical value
of the r · ζ(6) of frequency of value of the volume
stratum 1-cylinder 1 : 2 : · · · − cylinder of the
surfaces surfaces volume Approx. Exact
genus 0
Q(12,−16) 140 0.2943:0.4236:0.2821 0.5034 · pi6 0.5000 · pi6 1
2
· pi6
Q(3,−17) 84 0.1106:0.6187:0.2707 0.8037 · pi6 0.8000 · pi6 3
4
· pi6
genus 1
Q(13,−13) 77 0.4366:0.4000:0.1634 0.1866 · pi6 0.1837 · pi6 11
60
· pi6
Q(3, 1,−14) 126 0.4000:0.4520:0.1480 0.3333 · pi6 0.3333 · pi6 1
3
· pi6 (nv)
Q(22,−14) 110 0.364:0.511:0.108:0.016 3.1544 · pi4 3.0222 · pi4 136
45
· pi4
Q(5,−15) 210 0.3276:0.5301:0.1423 0.6783 · pi6 0.7000 · pi6 7
10
· pi6 (nv)
genus 2
Q(14) 49/3 0.2512:0.5577:0.1911 0.0688 · pi6 0.0666 · pi6 pi
6
15
Q(3, 12,−1) 119/3 0.3593:0.5081:0.1325 0.1168 · pi6 0.1104 · pi6 1
9
· pi6 (nv)
Q(22, 1,−1) 94/3 0.391:0.503:0.096:0.0098 0.837 · pi4 0.8000 · pi4 4
5
· pi4 (nv)
Q(5, 1,−12) 189/2 0.4252:0.4569:0.1179 0.2352 · pi6 0.2333 · pi6 7
30
· pi6 (nv)
Q(4, 2,−12) 317/4 0.450:0.449:0.089:0.012 1.8409 · pi4 1.866 · pi4 28
15
· pi4 (nv)
Qhyp(32,−12) 161/30 0.1724:0.6520:0.1756 0.0329 · pi6 0.0333 · pi6 1
30
· pi6
Qnh(32,−12) 1106/15 0.4894:0.3951:0.1154 0.1594 · pi6 0.1630 · pi6 22
135
· pi6 (nv)
Q(7,−13) 441/2 0.4179:0.4626:0.1195 0.5583 · pi6 0.54 · pi6 27
50
· pi6
Q(7, 1) 37 0.3724:0.5171:0.1106 0.1051 · pi6 0.1028 · pi6 18
175
· pi6 (nv)
Qhyp(6, 2) 65/48 0.237:0.608:0.137:0.018 0.0597 · pi4 0.0593 · pi4 8
135
· pi4
Qnh(6, 2) 389/12 0.473:0.380:0.112:0.035 0.7155 · pi4 0.7111 · pi4 96
135
· pi4
Q(5, 3) 77/3 0.488:0.383:0.129 0.056 · pi6 0.0588 · pi6 14
243
· pi6
Q(42) 92/3 0.388:0.481:0.109:0.022 0.8259 · pi4 0.8000 · pi4 4
5
· pi4
Qreg(9,−1) 385/3 0.4569:0.4195:0.1236 0.2972 · pi6
0.3580 · pi6 15224
42525
· pi6
Qirr(9,−1) 55/3 0.3024:0.5740:0.1236 0.0642 · pi6
As before, we applied the method of Eskin–Okounkov to all strata, and methods
specific for genus 0 and for hyperelliptic components when applicable. For the
non-varying strata (nv) we also used evaluation through Siegel–Veech constants.
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